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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 52 |. This is test number [ 108 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (52 ) | 0.00 (0)

Mathematica | 100.00 ( 52 ) | 0.00 (0 )
Maple 71.15 (37) | 28.85 (15)
Maxima | 71.15 (37) | 28.85 (15)
Mupad | 50.00 (26) | 50.00 ( 26)
Fricas 40.38 (21) | 59.62 (31)
Giac 32.60 (17) | 67.31 (35)
Sympy 15.38 (8) | 84.62 (44)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Maxima, 71.15 0.00 0.00 28.85
Maple 67.31 0.00 3.85 28.85
Mathematica 53.85 0.00 46.15 0.00
Giac 19.23 13.46 0.00 67.31
Fricas 13.46 26.92 0.00 59.62
Sympy 9.62 5.77 0.00 84.62
Mupad N/A 50.00 0.00 50.00

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

WA
HB
C
mF
Rubi Mathematica Maple FriCAS Giac Maxima Sympy Mupad
The figure below compares the CAS systems for each grade level.
o)
>
r o
100 - Y
- £
>
© (4]
- £
8o I8¢ 3 o
RS = © o3
L £= — 3 SO
[] b R
LIS o @© =
o BE T =B
- s 3
=
i ] £
40t @ al | I
L ks © T
I o i ==
Bl ss 8. gl | [
20 E g g i% ®© () o] é
I ag _se —EEL  |lae EZR S
I S 83§ | 3° § 59083555 5%
- g== | = g CLOo=sS &=
0 T \ T
A B C F

The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .

The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).

The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and



Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %

Maple 15 100.00 % 0.00 % 0.00 %

Fricas 31 48.39 % 12.90 % 38.71 %

Giac 35 100.00 % 0.00 % 0.00 %

Maxima 15 100.00 % 0.00 % 0.00 %

Sympy 44 95.45 % 4.55 % 0.00 %

Mupad 26 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median
Rubi 0.06 104.81 1.00 76.50 1.00
Mathematica | 0.73 116.60 1.74 40.00 0.83
Maple 0.27 535.46 7.61 108.00 0.87
Maxima 0.47 93.62 0.82 84.00 0.84
Fricas 3.29 116.05 2.27 83.00 1.98
Sympy 0.17 45.88 1.44 45.00 1.26
Giac 0.44 64.88 1.78 46.00 1.25
Mupad 1.03 112.04 1.36 77.50 1.01

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)
Lower is better

Normalized mean size of antiderivative
Lower is better




1.4
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list of integrals that has no closed form
antiderivative
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {[39}[46}[47}[48][50}[51} 52}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grade: {@IELI?LEL , 12)[13}[14} [15}[16} 17} [[8}[19} 20, 21} 22}
[87}[38} 39} 40} 41} 42} 43} [44] |45 |46 [47} 48] [49

B grade: { }
C grade: { }
F grade: { }

=
5
5
5
iy
=)
=0
i
5
=

2.1.2 Mathematica

g@d}e: { BB 7 [0 (11} 13} 20423, 24} 25, [26}[27) 28} 30} 33} 34} 35}, 36, 37} [38} |40} (41} 42} |43} |44}

B grade: { }

C geace: { 27,6 10} 2 14 75, [6) 7[5 19) 21 22 20,31, 32, 946 7 ) B0, B2 }

F grade: { }

2.1.3 Maple

A grade: { [1}2}[3} 4[5} 617} 8} 9} [10} 1 1, [12}[13} 14} [L5} [16} [17] 8} 19} 20} 21} [22} [25} [26} 27 [28} [29]
}

B grade: { }
C grade: { [43)[44 }
F grade: { [23}[24) (37,38} 39} (40} (41} 42} 46, (47} 48} 49} 50} 5T} 52| }

2.1.4 Maxima

A grade: { [1}2}[3} 4[5} 617} 8} 9} 10} 1 1} [12}[13} 14} [L5} [16} [17, 8} 19} 20} 21} 22} [25} [26} 27 [28} [29}
43,4445 }

B grade: { }
C grade: { }

F grade: { 23,257 55,500, T 42, 7 A, L 50, 5T 2 }

N
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2.1.5 FriCAS

A grade: { [1,[3}25,33}[43, 14,45 }
B grade: { [2,/4[5}[6}[7}B}[19)[20} 26,27, [28,[34, 35} [36] }

C grade: { }

F gvade: { U011} (2,3} 14 05,16} 7 5,21, 22) 23, 2 29,60 ) 52,57 5 B9, ) AT 2
6 7,8, A9 50, ]2 )

2.1.6 Sympy

A grade: { EI,@,E, }
B grade: { [1,[3}[5] }
C grade: { }

F grade: { [6)[10}IT} [2}[T3,[4} 15, (6} 17, T8} 19
40}[41) [42] 43} [44] [45] [46

8

21 22,23} [24) [25} 26, 27] [28} 29} 30} BT} 32,
48,49, 50,51} [52] }

&
S

2.1.7 Giac

A grade: { [1}25,26,[27] 28} 33} (34} 35} 36} 4] }
B grade: { [2,[3}, 4[5}, 6,7} 8] }

C grade: { }

P grade: { [ByT0[T1) L2314 15,6} 7 5 1920, 21, 22 23, 24,29, 50, B 52 57, 55 B9, ),
A1, |42} 43} 414} 46, |47} 48} 49} 50} 51} 52| }

2.1.8 Mupad

A grade: { }

B grade: { [1}[21[3} 4, 51[6} 7} 8} 0} (L0} [L 1 [12}[13} 14} [15}[16, [17}[18} 19} [20} 21} 22} 27} i3, (44 45 }

C grade: { }

e (BREREDHNEEHREH0E000EG00BE0
5152 }
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

_antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

fined as

grade A A A A A A B A B
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 11 11 19 17 11 19 29 12 24
N.S. 1 1.00 1.73 1.55 1.00 1.73 2.64 1.09 2.18

time (sec) N/A 0.003 0.016 0.043 0.290 2433 0.066 0.428 0.787

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A C A A B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 15 15 29 26 18 39 17 35 15
N.S. 1 1.00 1.93 1.73 1.20 2.60 1.13 2.33 1.00
time (sec) N/A 0.006 0.017 0.040 0.502 4.702 0.048 0.411 0.096

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A A A B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 28 28 34 29 23 47 58 118 78
N.S. 1 1.00 1.21 1.04 0.82 1.68 207 421 2.79

time (sec) N/A 0.010 0.089 0.059 0.290 3.007 0.208 0.450 3.028
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 27 27 33 32 34 84 27 62 23
N.S. 1 1.00 1.22 1.19 1.26 3.11 1.00 2.30 0.85
time (sec) N/A 0.012 0.016 0.040 0494 2414 0.073 0435 0.125
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 42 42 46 39 38 83 66 164 182
N.S. 1 1.00 1.10 0.93 0.90 1.98 1.57 3.90 4.33
time (sec) N/A 0.015 0.118 0.092 0.284 2.525 0.293 0.436 4.808
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 45 45 33 46 44 123 39 91 36
N.S. 1 1.00 0.73 1.02 0.98 2.73 0.87 2.02 0.80
time (sec) N/A 0.019 0.022 0.057 0.515 4350 0.104 0.428 0.086
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 58 58 56 49 48 126 80 208 340
N.S. 1 1.00 0.97 0.84 0.83 2.17 1.38 3.59 5.86
time (sec) N/A 0.021 0.327 0.099 0.296  3.705 0.432 0.448 7.463
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 57 57 33 52 54 168 51 116 43
N.S. 1 1.00 0.58 0.91 0.95 2.95 0.89 2.04 0.75
time (sec) N/A 0.025 0.012 0.067 0.513 2.606 0.157 0.468 0.112
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A F(-2) F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 232 232 175 169 197 0 0 0 91
N.S. 1 1.00 0.75 0.73 0.85 0.00 0.00 0.00 0.39
time (sec) N/A 0.139 0.544 0.310 0.506  0.000 0.000 0.000 0.842
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F(-2) F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 212 212 40 154 185 0 0 0 74
N.S. 1 1.00 0.19 0.73 0.87 0.00 0.00 0.00 0.35
time (sec) N/A 0.105 0.077 0.317 0.493  0.000 0.000 0.000 0.425
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A F(-2) F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 210 210 159 149 179 0 0 0 75
N.S. 1 1.00 0.76 0.71 0.85 0.00 0.00 0.00 0.36
time (sec) N/A 0.100 0.208 0.269 0.497  0.000 0.000 0.000 0.369
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F(-2) F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 192 192 40 136 165 0 0 0 50
N.S. 1 1.00 0.21 0.71 0.86 0.00 0.00 0.00 0.26
time (sec) N/A 0.084 0.049 0.388 0.508  0.000 0.000 0.000 0.246
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A F(-2) F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 192 192 131 138 165 0 0 0 57
N.S. 1 1.00 0.68 0.72 0.86 0.00 0.00 0.00 0.30
time (sec) N/A 0.081 0.096 0.293 0.514  0.000 0.000 0.000 0.335
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F(-2) F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 212 212 38 157 187 0 0 0 76
N.S. 1 1.00 0.18 0.74 0.88 0.00 0.00 0.00 0.36
time (sec) N/A 0.103 0.068 0.277 0.501 0.000 0.000 0.000 0.364
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F(-2) F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 214 214 40 157 188 0 0 0 7
N.S. 1 1.00 0.19 0.73 0.88 0.00 0.00 0.00 0.36
time (sec) N/A 0.102 0.079 0.277 0.517  0.000 0.000 0.000 0.623
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F(-2) F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 234 234 40 171 205 0 0 0 91
N.S. 1 1.00 0.17 0.73 0.88 0.00 0.00 0.00 0.39
time (sec) N/A 0.121 0.107 0.244 0.511 0.000 0.000 0.000 0.680
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F(-2) F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 242 242 38 216 196 0 0 0 246
N.S. 1 1.00 0.16 0.89 0.81 0.00 0.00 0.00 1.02
time (sec) N/A 0.252 0.032 0.359 0.534  0.000 0.000 0.000 0.628
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F(-2) F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 225 225 40 191 182 0 0 0 260
N.S. 1 1.00 0.18 0.85 0.81 0.00 0.00 0.00 1.16
time (sec) N/A 0.285 0.051 0.372 0.516  0.000 0.000 0.000 0.816
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A B F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 131 131 40 108 102 211 0 0 134
N.S. 1 1.00 0.31 0.82 0.78 1.61 0.00 0.00 1.02
time (sec) N/A 0.071 0.044 0.216 0.542 2.043 0.000 0.000 0.520
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 131 131 98 108 103 639 0 0 128
N.S. 1 1.00 0.75 0.82 0.79 4.88 0.00 0.00 0.98
time (sec) N/A 0.070 0.156  0.169 0.512 1.989 0.000 0.000 0.579
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F(-2) F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 225 225 38 200 182 0 0 0 231
N.S. 1 1.00 0.17 0.89 0.81 0.00 0.00 0.00 1.03
time (sec) N/A 0.220 0.030 0.325 0.513  0.000 0.000 0.000 0.546
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F(-2) F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 244 244 38 212 204 0 0 0 277
N.S. 1 1.00 0.16 0.87 0.84 0.00 0.00 0.00 1.14
time (sec) N/A 0.290 0.062 0.333 0.494  0.000 0.000 0.000 0.434
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 48 0 0 0 0 0 -1
N.S. 1 1.00 1.04 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.017 0.050 0.267 0.000  0.000 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 51 51 54 0 0 0 0 0 -1
N.S. 1 1.00 1.06 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.019 0.076 0.272 0.000  0.000 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 36 36 27 29 30 52 0 31 -1
N.S. 1 1.00 0.75 0.81 0.83 1.44 0.00 0.86  -0.03
time (sec) N/A 0.015 0.025 0.142 0.504  4.266 0.000 0.420 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 16 22 20 43 0 20 -1
N.S. 1 1.00  1.00 1.38 1.25 2.69 0.00 1.25  -0.06
time (sec) N/A 0.017 0.009 0.131 0.492 3.773 0.000 0.414 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 17 17 17 26 12 45 0 19 25
N.S. 1 1.00  1.00 1.53 0.71 2.65 0.00 1.12 1.47
time (sec) N/A 0.008 0.011 0.179 0.503 2.688 0.000 0.450 0.290
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 39 39 30 37 22 74 0 46 -1
N.S. 1 1.00 0.77 0.95 0.56 1.90 0.00 1.18  -0.03
time (sec) N/A 0.012 0.033 0.149 0.505 5250 0.000 0.427 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 200 200 39 186 113 0 0 0 -1
N.S. 1 1.00 0.20 0.93 0.56 0.00 0.00 0.00  -0.00
time (sec) N/A 0.065 0.062 0.219 0.513  0.000 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 176 176 122 162 9 0 0 0 -1
N.S. 1 1.00 0.69 0.92 0.53 0.00 0.00 0.00 -0.01
time (sec) N/A 0.063 0.098 0.194 0.507  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 176 176 28 161 94 0 0 0 -1
N.S. 1 1.00 0.16 0.91 0.53 0.00 0.00 0.00 -0.01
time (sec) N/A 0.061 0.009 0.255 0.505 0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C A A F(-1) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 212 212 30 185 109 0 0 0 -1
N.S. 1 1.00 0.14 0.87 0.51 0.00 0.00 0.00  -0.00
time (sec) N/A 0.069 0.013 0.197 0.518  0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 70 70 39 40 37 110 0 57 -1
N.S. 1 1.00 0.56 0.57 0.53 1.57 0.00 0.81  -0.01
time (sec) N/A 0.022 0.101 0.156 0.598 1.869 0.000 0.424 0.000




30

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 32 32 20 27 16 61 0 21 -1
N.S. 1 1.00 0.62 0.84 0.50 1.91 0.00 0.66  -0.03
time (sec) N/A 0.011 0.012 0.157 0.493 3.310 0.000 0.430 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 21 26 13 80 0 13 -1
N.S. 1 1.00 0.68 0.84 0.42 2.58 0.00 0.42  -0.03
time (sec) N/A 0.012 0.017 0.133 0.501 3.448 0.000 0.413 0.000
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 42 42 29 142 0 43 -1
N.S. 1 1.00 0.55 0.55 0.38 1.84 0.00 0.56  -0.01
time (sec) N/A 0.018 0.078 0.127 0.498 2.808 0.000 0.440 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 60 60 58 0 0 0 0 0 -1
N.S. 1 1.00 0.97 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.031 0.038 0.324 0.000  0.000 0.000 0.000 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 62 62 60 0 0 0 0 0 -1
N.S. 1 1.00 0.97 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.034 0.034 0.309 0.000  0.000 0.000 0.000 0.000
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 87 87 289 0 0 0 0 0 -1
N.S. 1 1.00 3.32 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.072 1.228 0.379 0.000  0.000 0.000 0.000 0.000
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 84 84 83 0 0 0 0 0 -1
N.S. 1 1.00 0.99 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.073 0.608 0.365 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 64 64 67 0 0 0 0 0 -1
N.S. 1 1.00 1.05 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.028 0.101 0.411 0.000  0.000 0.000 0.000 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 90 90 83 0 0 0 0 0 -1
N.S. 1 1.00 0.92 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.115 0.513 0.425 0.000  0.000 0.000 0.000 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C A A F(-1) F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 76 76 73 10874 84 153 0 0 123
N.S. 1 1.00 0.96 143.08 1.11 2.01 0.00 0.00 1.62
time (sec) N/A 0.051 0.262 1.859 0.299 2985 0.000 0.000 1.576
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A C A A F F B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 51 51 45 5413 56 93 0 0 84
N.S. 1 1.00 0.88 106.14 1.10 1.82 0.00 0.00 1.65
time (sec) N/A 0.037 0.145 1.039 0.289 5.451  0.000 0.000 0.670
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A F A B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 26 26 25 45 0 47 73
N.S. 1 1.00 1.04 1.04 1.00 1.80 0.00 1.88 2.92
time (sec) N/A 0.029 0.021 0.543 0.291 3.433 0.000 0.619 0.341
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 51 51 509 0 0 0 0 0 -1
N.S. 1 1.00 9.98 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.035 3.415 0.766 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 51 51 1099 0 0 0 0 0 -1
N.S. 1 1.00 21.55 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.038 8.494 1.145 0.000  0.000 0.000 0.000 0.000
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 79 79 784 0 0 0 0 0 -1
N.S. 1 1.00 9.92 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.031 14.165 0.302 0.000  0.000 0.000 0.000 0.000
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 7 7 69 0 0 0 0 0 -1
N.S. 1 1.00  0.90 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.019 0.170  0.250 0.000  0.000 0.000 0.000 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 73 73 264 0 0 0 0 0 -1
N.S. 1 1.00 3.62 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.027 1.186 0.237 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 79 79 477 0 0 0 0 0 -1
N.S. 1 1.00 6.04 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.030 2.603 0.823 0.000  0.000 0.000 0.000 0.000
Problem 52 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A C F F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 83 83 306 0 0 0 0 0 -1
N.S. 1 1.00  3.69 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.034 2.063 0.395 0.000  0.000 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [39] had the largest ratio of [21]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep; uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 1 1 1.00 6 0.167
2 A 2 2 1.00 8 0.250
3 A 2 2 1.00 8 0.250
4 A 3 2 1.00 8 0.250
5! A 3 2 1.00 8 0.250
6 A 4 2 1.00 8 0.250
7 A 4 2 1.00 8 0.250
3 A 5 2 1.00 8 0.250
9 A 13 9 1.00 12 0.750
10 A 12 9 1.00 12 0.750
11 A 12 9 1.00 12 0.750
12 A 11 8 1.00 12 0.667
13 A 11 8 1.00 12 0.667
14 A 12 9 1.00 12 0.750
15 A 12 9 1.00 12 0.750
16 A 13 9 1.00 12 0.750
17, A 13 9 1.00 12 0.750
18 A 12 8 1.00 12 0.667
19 A 9 9 1.00 12 0.750
20 A 9 9 1.00 12 0.750
21] A 12 8 1.00 12 0.667
22 A 13 9 1.00 12 0.750
23] A 2 2 1.00 8 0.250
24 A 2 2 1.00 10 0.200
25) A 3 3 1.00 10 0.300
Continued on next page
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number of

number of

normalized

#olemde| s | e | asidebaive | (RO e,
26 A 2 2 1.00 10 0.200
27| A 2 2 1.00 10 0.200
28 A 3 3 1.00 10 0.300
29 A 14 10 1.00 10 1.000
30 A 13 10 1.00 10 1.000
31 A 13 10 1.00 10 1.000
32 A 14 10 1.00 10 1.000
33 A 5 3 1.00 10 0.300
34 A 3 3 1.00 10 0.300
35 A 3 3 1.00 10 0.300
36 A ) 3 1.00 10 0.300
37 A 3 3 1.00 12 0.250
38 A 3 3 1.00 14 0.214
39 A 2 2 1.00 21 0.095
40j A 2 2 1.00 21 0.095
41 A 3 3 1.00 21 0.143
42 A 3 3 1.00 21 0.143
43 A 3 2 1.00 19 0.105
44 A 3 2 1.00 19 0.105
45 A 2 2 1.00 19 0.105
46 A 2 2 1.00 19 0.105
47 A 2 2 1.00 19 0.105
48 A 1 1 1.00 19 0.053
49 A 1 1 1.00 17 0.059
50 A 1 1 1.00 17 0.059
51 A 1 1 1.00 19 0.053
52 A 1 1 1.00 21 0.048
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Chapter 3

Listing of integrals

Local contents

3.1 Jeot(a4br)dz . .. ..
32  JeotP(atbr)dr . .. ...
33 oot} latbr)dr .. ...
34  [eottlatbr)dr .. ...
35  [eotS(adbr)dr . . ...
36  [eotS(atbr)dr . . ...
37  Jeotl(a+bz)dr . . ...
38  [eotPlatbr)dr . . . ...
3.9  [(ceot(a+bx))2dx . ...
3.10  [(ccot(a+bz))2dr . . . ..
311  [(ccot(a+bz))>2dx . . . . .
312 [ /ccot( a—i—bx dT . . o
3. [ e AT
314 [ W dT . . . .
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1
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3.22 W d ..................................
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94
99

109
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3.48
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3.51
3.52
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acot2( )

(a cot2(a:))3/2 dz

[ (acot?(x))*? dx

[+a colt3(x) dT . .

a cot3(x)
1
(acot3(zx)

[ (a cotd(z))*? dz

7 dx . . . e e e

[ +Va cc>1t4(:c) dT . . .

acot4(x)
f (beot?(c+dx))" d

a(bcot(c+ dac))
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acos(e+ fz

( )

(

(

(

(dcot(e + fx))™ csc
(dcot(e + fx))"cs
(dcot(e + fz))" cs
(dcot(e + fx))"sin
(dcot(e + fx))"sin
(d cot( )

(d cot( )

(d cot( )

(d cot( )

(

e+ fx))"sin

e+ fx))" csc3(
e+ fx))" csc(
e+ fx))" sm(e + fx)dz
3(e+ fr)dx
beot(e + fz))"(acsc(e + fx))™

cte+ fz
2(e—i—fgv
2(e+ fz
e+ fx

)" (beot(e + fz))" d

acot(e+ fz))™(bcot(e + fx))™ dac ......................
b cot( e+fx))”(asec(e+fx)) dT . . .
e+ fz)dzx

) dx
) dx
) dz
) da

asm(e +fx)"dr ...
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3.1 [ cot(a + bx) dx

Optimal. Leaf size=11
log(sin(a + bx))
b

[Out] 1n(sin(b*x+a))/b

Rubi [A]
time = 0.00, antiderivative size = 11, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.167,

steps used = 1, number of rules used = 1, integrand size = 6,
Rules used = {3556}

log(sin(a + bx))
b

Antiderivative was successfully verified.
[In] Int[Cot[a + b*x],x]

[Out] Log[Sin[a + b*x]]/b

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x1 /; FreeQ[{c, d}, x]

Rubi steps

/ cot(a + bz) dz = log(sm(: +bz))

Mathematica [A]
time = 0.02, size = 19, normalized size = 1.73

log(cos(a + bx)) + log(tan(a + bx))
b

Antiderivative was successfully verified.

[In] Integrate[Cot[a + b*x],x]
[Out] (LoglCos[a + b*x]] + Logl[Tan[a + b*x]])/b

Maple [A]
time = 0.04, size = 17, normalized size = 1.55
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method result size
derivativedivides | — w 17
default _ In(cot*(ba+a)+1) (g§+a)+1) 17
norman 1n(tan(;m+a)) . 1n(1+tar;2(bx-l—a)) 29
risch —1T — % + w 29

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(b*x+a),x,method=_RETURNVERBOSE)
[Out] -1/2/b*1n(cot (b*x+a) ~2+1)
Maxima [A]

time = 0.29, size = 11, normalized size = 1.00

log (sin (bx + a))
b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a),x, algorithm="maxima")
[Out] log(sin(b*x + a))/b
Fricas [A]
time = 2.43, size = 19, normalized size = 1.73
log (—3 cos(2bz + 2a) + 1)
2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a),x, algorithm="fricas")

[Out] 1/2*%log(-1/2%cos(2xb*x + 2xa) + 1/2)/b

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 29 vs.
2(8) = 16.

time = 0.07, size = 29, normalized size = 2.64

log (tan? (a+bx)+1 og (tan (a+bx
_log( éb+ )+)+lg(t b(—i—b)) for b 0

z cot (a) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a),x)
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[Out] Piecewise((-log(tan(a + b*x)*x2 + 1)/(2xb) + log(tan(a + b*x))/b, Ne(b, 0))
, (xxcot(a), True))

Giac [A]
time = 0.43, size = 12, normalized size = 1.09

log ([sin (bz + a)])
b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a),x, algorithm="giac")
[Out] log(abs(sin(b*x + a)))/b

Mupad [B]
time = 0.79, size = 24, normalized size = 2.18
. In (ea2i ebz2i _ 1)
—zli+ b

Verification of antiderivative is not currently implemented for this CAS

[In] int(cot(a + b*x),x)
[Out] log(exp(a*2i)*exp(b*x*2i) - 1)/b - x*1i
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3.2 [ cot?*(a + bx) dx

Optimal. Leaf size=15
__ cot(a + bz)
b

[Out] -x-cot(b*x+a)/b

Rubi [A]
time = 0.01, antiderivative size = 15, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.250,

steps used = 2, number of rules used = 2, integrand size = 8,
Rules used = {3554, 8}

_ cot(a + bz)
b

Antiderivative was successfully verified.

[In] Int[Cot[a + b*x]~2,x]

[Out] -x - Cot[a + b*x]/b

Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*x((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rubi steps
b

e cot(ab+ bx)

/cot2(a+bx)dx=—M—/ldx

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
3 in optimal.
time = 0.02, size = 29, normalized size = 1.93

; — tan®(a + bz))
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Antiderivative was successfully verified.

[In] Integrate[Cot[a + b*x]~2,x]
[Out] -((Cot[a + bxx]*Hypergeometric2F1[-1/2, 1, 1/2, -Tan[a + b*x]~2])/b)

Maple [A]
time = 0.04, size = 26, normalized size = 1.73

method result size

risch —T — m 24
—1_ztan(bz+a)

norman bta.n(T—iﬂ,) 25

derivativedivides | —<tt=ta)ts _; recot(cot(brta)) | og

default — cot(bz+a)+7 —:rccot(cot(bw+a)) 2%

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(b*x+a)~2,x,method=_RETURNVERBOSE)
[Out] 1/bx(-cot(b*x+a)+1/2%Pi-arccot(cot(b*xx+a)))
Maxima [A]

time = 0.50, size = 18, normalized size = 1.20

bxr +a+
b

1
tan(bz+a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~2,x, algorithm="maxima")
[Out] -(b*x + a + 1/tan(b*x + a))/b

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 39 vs.
2(15) = 30.
time = 4.70, size = 39, normalized size = 2.60

_bzsin (2bz +2a) + cos (2br +2a) +1
bsin (2bx + 2a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~2,x, algorithm="fricas")

[Out] -(b*x*sin(2*b*xx + 2%a) + cos(2%b*x + 2%a) + 1)/(b*sin(2%bxx + 2%a))
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Sympy [A]
time = 0.05, size = 17, normalized size = 1.13

—x—Mbﬂ’x) forb #0

z cot? (a) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)**2,x)
[Out] Piecewise((-x - cot(a + b*x)/b, Ne(b, 0)), (x*cot(a)**2, True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 35 vs. 2(15) = 30.
time = 0.41, size = 35, normalized size = 2.33

2bw+2a+m(%b++la)—tan(%bw+%a)

2

B 2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~2,x, algorithm="giac")

[Out] -1/2%(2%b*x + 2*%a + 1/tan(1/2%bxx + 1/2%a) - tan(1/2*b*x + 1/2%a))/b
Mupad [B]

time = 0.10, size = 15, normalized size = 1.00

_ cot(a+bz)
b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(a + b*x)~2,x)
[Out] - x - cot(a + b*x)/b
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3.3 [ cot’(a + bx) dx

Optimal. Leaf size=28
cot’(a +bz) log(sin(a + bz))
2b b

[Out] -1/2*cot(b*x+a)”~2/b-1n(sin(b*x+a))/b

Rubi [A]
time = 0.01, antiderivative size = 28, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 2, number of rules used = 2, integrand size = 8,
Rules used = {3554, 3556}

cot’(a +bx) log(sin(a + bx))
2b b

Antiderivative was successfully verified.

[In] Int[Cot[a + b*x]"~3,x]

[Out] -1/2#Cot[a + b*x]~2/b - Log[Sin[a + b*x]]1/b
Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]1/d, x] /; FreeQ[{c, d}, x]

Rubi steps
2
/cot3(a + bz) dz = —w - /cot(a + bz) dz
_cot’(a+bx) log(sin(a + b))
B 2b b

Mathematica [A]
time = 0.09, size = 34, normalized size = 1.21

_cot?(a + bx) + 2log(cos(a + b)) + 2log(tan(a + bx))
2b
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Antiderivative was successfully verified.

[In] Integrate[Cot[a + b*x]~3,x]
[Out] -1/2%(Cot[a + b*x]~2 + 2xLog[Cos[a + b*x]] + 2+Log[Tan[a + b*x]])/b

Maple [A]
time = 0.06, size = 29, normalized size = 1.04

method result size
(cotQ(ba:-ﬁ-a)) +1n(cot2(bz+a)+1)

derivativedivides 2 5 2 29
(cotQ(ba:-ﬁ-a)) 1n(cot2(bw+a)+1)

default 2 5 2 29

_ 1 __ In(tan(bz+a)) In(1+tan?(bz+a))
norman 2btan(bz+a)? b + 2b 43
. . 2ia 9 2i(bz+a) _ 1n(e2i(b$+a)—1)
risch T+ T+ p(eiEera_1)? ) 57

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(b*x+a)~3,x,method=_RETURNVERBOSE)
[Out] 1/bx(-1/2*cot (b*xx+a) " 2+1/2%1n(cot (b*x+a) ~2+1))
Maxima [A]

time = 0.29, size = 23, normalized size = 0.82

m + log (sin (bz + a)z)
- 2b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~3,x, algorithm="maxima")
[Out] -1/2%(1/sin(b*x + a)~2 + log(sin(b*x + a)~2))/b
Fricas [A]
time = 3.01, size = 47, normalized size = 1.68
(cos (2bz +2a) — 1) log (—% cos (2bz +2a) +3) — 2
2(bcos(2bz +2a) —b)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~3,x, algorithm="fricas")

[Out] -1/2%((cos(2xb*x + 2*a) - 1)*log(-1/2*cos(2*b*x + 2xa) + 1/2) - 2)/(b*cos(2
*b*x + 2%a) - b)



47

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 58 vs.
2(22) = 44.
time = 0.21, size = 58, normalized size = 2.07

oz for(a=0Va=—-bx)A(a=-bxVb=0)
z cot? (a) forb =0
log (tan? é:—i—bx)-i—l) _ log (tanb(a—f-ba:)) _ 2btan21(a+bz) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)**3,x)

[Out] Piecewise((zoo*x, (Eq(a, 0) | Eq(a, -b*x)) & (Eq(b, 0) | Eq(a, -b*x))), (x*
cot(a)**3, Eq(b, 0)), (log(tan(a + bxx)**2 + 1)/(2*%b) - log(tan(a + bxx))/b

- 1/(2%bxtan(a + b*x)*%*2), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 118 vs. 2(26) =

52.
time = 0.45, size = 118, normalized size = 4.21

(74 (cos(ba+a)—1) —1—1) (cos(bz+a)+1)
cos(bz+a)+1 cos(bz+a)—1 |— cos(bz+a)+1| cos(bz+a)—1
cos(bz+a)—1 cos(bz+a)+1 4 IOg ( |cos(bz+a)+1| ) +8 lOg <‘_cos(bx+a)-l—1 + 1‘)

8b
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~3,x, algorithm="giac")

[Out] 1/8x((4*(cos(b*x + a) - 1)/(cos(b*x + a) + 1) + 1)*(cos(b*x + a) + 1)/(cos(
bxx + a) - 1) + (cos(b*x + a) - 1)/(cos(b*x + a) + 1) - 4xlog(abs(-cos(b*x

+ a) + 1)/abs(cos(b*x + a) + 1)) + 8*log(abs(-(cos(b*x + a) - 1)/(cos(b*x +

a) + 1) +1)))/v

Mupad [B]

time = 3.03, size = 78, normalized size = 2.79

In (e“2i ebz i _ 1) 2 + 2
b b (eaZH-bei _ 1) b (1 + ea4i+bx4i _ 2€a2i+bx2i)

rli—

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(a + b*x)~3,x)

[Out] x*1i - log(exp(a*2i)*exp(b*x*2i) - 1)/b + 2/(bx(exp(a*2i + b*x*2i) - 1)) +
2/ (bx(exp(a*4i + b*xx*4i) - 2*xexp(a*2i + b*x*2i) + 1))
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3.4 [ cot*(a + bx) dx

Optimal. Leaf size=27
cot(a+bz) cot3(a+ bx)

b 3b
[Out] x+cot(b*x+a)/b-1/3*cot(b*x+a)”~3/b

Rubi [A]
time = 0.01, antiderivative size = 27, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 3, number of rules used = 2, integrand size = 8,
Rules used = {3554, 8}

cot*(a +bx) = cot(a + br)
T T

Antiderivative was successfully verified.

[In] Int[Cot[a + b*x]~4,x]

[Out] x + Cot[a + b*x]/b - Cot[a + b*x]~3/(3%Db)
Rule 8

Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])~(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] & GtQ[n, 1]

Rubi steps

3
/cot"‘(a +bz)dz = —w - /cot2(a + bz) dzx
_cot(a+bx) cot’(a+ bx) /
= b - 3D + [ ldz
cot(a +bx)  cot’(a + bx)

b 3b

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
3 in optimal.
time = 0.02, size = 33, normalized size = 1.22

cotd(a + bz) o F1 (—3,1; —3; — tan?(a + bz))
- 3b




49

Antiderivative was successfully verified.

[In] Integrate[Cot[a + b*x]~4,x]
[Out] -1/3%(Cot[a + b*x] 3*Hypergeometric2F1[-3/2, 1, -1/2, -Tanl[a + b*x]~2])/b

Maple [A]
time = 0.05, size = 32, normalized size = 1.19

method result size
— M +cot(bz+a)— % +arccot(cot(bz+a))
derivativedivides 3 o 32
- M ~+cot(bx+a)— T +arccot(cot(bz+a))
default 3 o 32
tanz(bz+a) 3 1
22 25T 4 (tan3 (bo+a)) — 52
b 35
norman tan(bata)? 38
. 44 (3 edi(bz+a) _g g2i(bzta) 4 o
risch T+ i(3e ° +2) 46

3b(62i(bw+a)_1)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(b*x+a)~4,x,method=_RETURNVERBOSE)
[Out] 1/bx(-1/3*cot (b*x+a) "3+cot (b*x+a)-1/2*¥Pi+arccot(cot (b*x+a)))

Maxima [A]
time = 0.49, size = 34, normalized size = 1.26

3 tan(bz+a)2—1
tan(bz+a)®

3br+3a+
3b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~4,x, algorithm="maxima")
[Out] 1/3*(3xbxx + 3%a + (3xtan(b*x + a)~2 - 1)/tan(b*x + a)~3)/b

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 84 vs.
2(25) = 50.
time = 2.41, size = 84, normalized size = 3.11

4 cos (2bz 4 2a)® + 3 (bx cos (2bz + 2a) — bx) sin (2bz + 2a) + 2 cos (2bz + 2a) — 2
3(bcos(2bx +2a) —b)sin (2bz + 2a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~4,x, algorithm="fricas")

[Out] 1/3%(4%cos(2*b*x + 2%a)~2 + 3x(b*x*cos(2*%bxx + 2%a) - b*x)*sin(2*b*x + 2%a)
+ 2%cos(2xbxx + 2*a) - 2)/((b*cos(2%b*x + 2*a) - b)*sin(2*b*x + 2%a))
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Sympy [A]
time = 0.07, size = 27, normalized size = 1.00

_ cot? g;)—l—b:c) + cot (%—{—bz) for b 7& 0

z cot? (a)

otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)**4,x)

[Out] Piecewise((x - cot(a + b*x)**x3/(3*b) + cot(a + b*x)/b, Ne(b, 0)), (xxcot(a)

**x4, True))
Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 62 vs. 2(25) = 50.

time = 0.44, size = 62, normalized size = 2.30

Lpptl )2
tan (3 bz + %a)3 +24bx + 240 + 15:“%?3“33 ! _ 15 tan (2bz+ 3 a)
an§ T Ea

24b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~4,x, algorithm="giac")
[Out] 1/24*(tan(1/2*b*xx + 1/2%a)”3 + 24xbxx + 24*a + (15%tan(1/2*b*x + 1/2*%a)”"2 -
1)/tan(1/2%b*x + 1/2%a)~3 - 15xtan(1/2%b*xx + 1/2%a))/b

Mupad [B]
time = 0.12, size = 23, normalized size = 0.85
cot(a+bz)®
cot(a +bx) — =5~

x+
b
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(a + b*x)~4,x)
[Out] x + (cot(a + b*x) - cot(a + b*x)~3/3)/b
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3.5 [ cot®(a + bx) dx

Optimal. Leaf size=42

cot?(a + bx) B cot*(a + bx) N log(sin(a + bx))
2b 4b b

[Out] 1/2*cot(b*x+a)~2/b-1/4*cot (b*x+a) ~4/b+1n(sin(b*x+a))/b

Rubi [A]
time = 0.01, antiderivative size = 42, normalized size of antiderivative = 1.00, number of

number of rules _ 95
integrand size ’

steps used = 3, number of rules used = 2, integrand size = 8,

Rules used = {3554, 3556}

cot?(a + bx) N cot?(a + bx) N log(sin(a + bx))
4b 2b b

Antiderivative was successfully verified.

[In] Int[Cot[a + b*x]~5,x]

[Out] Cot[a + b*x]~2/(2%b) - Cot[a + b*x]~4/(4*%b) + Logl[Sin[a + b*x]]/b
Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*x((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/4, x] /; FreeQl{c, d}, x]

Rubi steps
4
/cot5(a + bx) dx = —W - /cot3(a + bx) dz
cot?(a +bx) cot(a + bx)
= 5 - I + /cot(a + bx) dx
_ cot?(a + bzx) B cot*(a + bx) + log(sin(a + bzx))
B 2b 4b b

Mathematica [A]
time = 0.12, size = 46, normalized size = 1.10
2 cot?(a + bx) — cot?(a + bx) + 4log(cos(a + bx)) + 4log(tan(a + b))
4b
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Antiderivative was successfully verified.

[In] Integrate[Cot[a + b*x]~5,x]

[Out] (2xCot[a + b*x]~"2 - Cot[a + b*x]~4 + 4*Log[Cos[a + b*x]] + 4*Log[Tan[a + bx
x]11)/ (4xb)

Maple [A]
time = 0.09, size = 39, normalized size = 0.93

method result size
(cot4(bz+a)) (c0t2 (bz+a)) In (cotz(bm+a)+1)
derivativedivides 1 2 2 39
(cot4(bz+a)) (cot2 (bm+a)) ln(cotz(bz+a)+1)
default 4 2 2 39
1 tan2 (bz+a) 2
—mt o, In(tan(bz+a)) In(1+tan?(bz+a))
4b 2b —
norman n(brta)” + 5 55 57
. i 2ia 4(e6i(bx+a) _e4i(bz+a)+e2i(ba:+a)) ln(eZ'L’(ba:-Hz)_l)
risch 1T . (@1t 5 77

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(b*x+a)~5,x,method=_RETURNVERBOSE)

[Out] 1/b*x(-1/4*cot(b*x+a) ~4+1/2*xcot (b*x+a) 2-1/2*1n(cot (b*xx+a) ~2+1))
Maxima [A]

time = 0.28, size = 38, normalized size = 0.90

4 sin(bz+a)>—1

. 2
e T2 1log (sin (bz + a)?)

4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~5,x, algorithm="maxima")
[Out] 1/4*((4*sin(b*x + a)~2 - 1)/sin(b*x + a)~4 + 2xlog(sin(b*x + a)~2))/b

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 83 vs.
2(38) = 76.
time = 2.53, size = 83, normalized size = 1.98

(cos (2bz +2a)® — 2 cos (2bz +2a) + 1) log (—3 cos (2bz 4+ 2a) + 3) — 4 cos (2bz + 2a) + 2
2(bcos(2bm—|—2a)2—2bcos(2bm—|—2a)+b)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)”~5,x, algorithm="fricas")
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[Out] 1/2*%((cos(2*b*x + 2%a)~2 - 2%cos(2xb*x + 2*a) + 1)*log(-1/2*cos(2*%b*x + 2%*a
) + 1/2) - 4*cos(2*b*x + 2%a) + 2)/(bxcos(2xb*x + 2%a)~2 - 2%b*cos(2%b*x +

2*%a) + b)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 66 vs.

2(32) = 64.
time = 0.29, size = 66, normalized size = 1.57
(o fora=0Ab=0
 cot’ (a) forb =0
T fora = —bx
Il2 a T n .
—losfte §b+b ) + g2 b(a+bx)) + 2btan21(a+bm) o 4btan41(a+b9:) otherwise

\

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)**5,x)

[Out] Piecewise((zoo*x, Eq(a, 0) & Eq(b, 0)), (x*cot(a)**5, Eq(b, 0)), (zoo*x, Eq
(a, -b*x)), (-log(tan(a + b*x)*x2 + 1)/(2xb) + log(tan(a + b*x))/b + 1/(2%b
xtan(a + b*x)**2) - 1/(4xbxtan(a + b*x)**4), True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 164 vs. 2(38) =

76.
time = 0.44, size = 164, normalized size = 3.90

cos(bz+a)—1
~ cos(bz+a)+1 + 1’)

12 (cos(bz+a)—1) | 48 (cos(bz+a)—1)2 | 2
( costbata)+l T (cos(bz+a)+1)2 1) (cos(bata)+1) 12 (cos(bz+a)—1) + (cos(bz+a)—1)2 —32 1o |— cos(bz+a)+1| +64 lo
(cos(bz+a)—1)2 cos(bz+a)+1 (cos(bz+a)+1)2 g |cos(bz+a)+1| g

B 64b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~5,x, algorithm="giac")

[Out] -1/64*x((12*(cos(b*x + a) - 1)/(cos(b*x + a) + 1) + 48%(cos(b*x + a) - 1)72/
(cos(b*x + a) + 1)72 + 1)*(cos(b*x + a) + 1)72/(cos(b*x + a) - 1)72 + 12x(c
os(bxx + a) - 1)/(cos(b*x + a) + 1) + (cos(b*x + a) - 1)72/(cos(b*x + a) +

1)°2 - 32xlog(abs(-cos(b*x + a) + 1)/abs(cos(b*x + a) + 1)) + 64*log(abs(-(
cos(bxx + a) - 1)/(cos(b*x + a) + 1) + 1)))/b

Mupad [B]
time = 4.81, size = 182, normalized size = 4.33

In (e*eb*% — 1) 4 8 8 4
b T b (ea?tba2 1) b (14 eaditbzdi _Qealitbad)  p (3ea2itbadi _ Feadithadi y qabitbzbi 1) b (1 4 6eaditbrdi _ 4eabitbali 4 qadithusi _ 4 qaditbadi)

—zrli+
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(a + b*x)~5,x)
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[Out] log(exp(a*x2i)*exp(b*x*2i) - 1)/b - x*1i - 4/(bx(exp(a*2i + b*x*2i) - 1)) -
8/ (b*(exp(a*4i + bkxxx4i) - 2*xexp(a*x2i + b*x*2i) + 1)) - 8/(b*(3*exp(ax2i +
bxx*2i) - 3*exp(a*4i + b*x*4i) + exp(ax6i + b*x*6i) - 1)) - 4/(bx(6*exp(a*d

i + bkx*4i) - 4*exp(a*x2i + b*x*2i) - 4*exp(a*x6i + bxx*6i) + exp(a*8i + b*xx

8i) + 1))
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3.6 [ cotb(a + bx) dx

Optimal. Leaf size=45

__ cot(a + bz) N cot’(a +bx)  cot®(a + bx)
b 3b 5b

[Out] -x-cot(b*x+a)/b+1/3*cot(b*x+a) ~3/b-1/5*cot (b*x+a)~5/b

Rubi [A]
time = 0.02, antiderivative size = 45, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.250,

steps used = 4, number of rules used = 2, integrand size = 8,
Rules used = {3554, 8}

_cot’(a + bx) N cot’(a +bz)  cot(a + bx)
5b 3b b

— X

Antiderivative was successfully verified.

[In] Int[Cot[a + b*x]~6,x]

[Out] -x - Cot[a + b*x]/b + Cot[a + b*x]~3/(3xb) - Cot[a + bxx]~5/(5%b)
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rubi steps
5
/cotﬁ(a +bz)dz = —W — /cot4(a + bz) dz
_cot’(a+bzx) cot®(a+ br) 0
= 3 - 55 + /cot (a + bx) dz
cot(a+bz) cot*(a+bzx) cot’(a+ bx)
= - ~[1
b 3 5b / o

__ cot(a + bz) N cot’(a +bx)  cot®(a+ bx)
b 3b 5b
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Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
3 in optimal.
time = 0.02, size = 33, normalized size = 0.73
cot®(a + bz) o F1 (—2,1; —3; — tan’(a + bx))
B 5b

Antiderivative was successfully verified.

[In] Integrate[Cot[a + b*x]~6,x]
[Out] -1/5%(Cot[a + b*x] 5*Hypergeometric2F1[-5/2, 1, -3/2, -Tan[a + b*x]~2])/b

Maple [A]
time = 0.06, size = 46, normalized size = 1.02

method result size
(cot5(bz+a)) (cot3(ba:+a))
. . .. — + —cot(bz+a)+ S —arccot(cot(bz+a
derivativedivides 5 3 z (bota)ts (cot(beta)) 46
(cot5 (bm+a)) (cots(ba:+a))
— + —cot(bz+a)+Z —arccot(cot(bz+a
default 2 g : (bota)ts (cot(beta)) 46
1 tanz(b:c+a) tan4(bx+a) 5
-+ - —z(tan5 (bx+a))
5b 3b b
norman tanbera)’ 53
. h _ _ % (45 eSi(bm+a) —90 e6i(bz+a) +140 e4i(bm+a) —70 e2i(ba:+a) +23) 70
T1SC. T 15b(e2i(bx+a)—1)5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(b*x+a)~6,x,method=_RETURNVERBOSE)

[Out] 1/b*x(-1/5*cot(b*x+a) ~5+1/3*cot (b*x+a) ~3-cot (b*x+a)+1/2*Pi-arccot (cot (b*x+a)
))

Maxima [A]

time = 0.52, size = 44, normalized size = 0.98

15 tan(bz+a)*—5 tan(bz+a)?+3

15bz + 15a + tan(br1a)®

155

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~6,x, algorithm="maxima")

[Out] -1/15%(15%b*x + 16*%a + (156xtan(b*x + a)~4 - 5*tan(b*x + a)~2 + 3)/tan(b*x +
a)~5)/b

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 123 vs.

2(41) = 82.

time = 4.35, size = 123, normalized size = 2.73

23 cos (2bz + 2a)® — cos (2bz + 2a)” + 15 (bz cos (2bz + 2a)® — 2bx cos (2bz + 2a) + be) sin (2bz + 2a) — 11 cos (2bz + 2a) + 13
15 (bcos(2ba:+2a)2 —2bcos (2bz +2a) +b) sin (2bz + 2a)




o7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~6,x, algorithm="fricas")

[Out] -1/15%(23*%cos(2*%b*xx + 2*%a)~3 - cos(2xb*x + 2*a)~2 + 15%(b*x*cos(2*b*x + 2%*a
)72 - 2xbkxx*cos(2*xb*x + 2*%a) + b*x)*sin(2%b*x + 2%a) - 11xcos(2*%b*xx + 2x*a)

+ 13)/((b*cos(2%b*xx + 2%a) "2 - 2xb*cos(2*b*x + 2*a) + b)*sin(2*b*x + 2%a))

Sympy [A]
time = 0.10, size = 39, normalized size = 0.87

Cr— cot® (;)—i—bx) + cot® gz—i—bw) __ cot (tz—i—bw) for b ?é 0
z cot® (a) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)**6,x)

[Out] Piecewise((-x - cot(a + b*x)**5/(5%xb) + cot(a + b*x)**3/(3xb) - cot(a + b*x
)/b, Ne(b, 0)), (x*cot(a)**6, True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 91 vs. 2(41) = 82.

time = 0.43, size = 91, normalized size = 2.02

4 2
3tan (fbz + 31 a)5 — 35 tan (3 bz + 3 a)3 — 480 bz — 4800 — 22 tan(%bzté a()l ;ﬁfan)(j btze) +3 + 330 tan (3 bz + %a)
an 2 L 5(1

4805

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~6,x, algorithm="giac")
[Out] 1/480%(3*tan(1/2xb*x + 1/2%a)~5 - 35xtan(1/2*b*x + 1/2%a)~3 - 480%b*x - 480
*a — (330%tan(1/2xb*x + 1/2%a)~4 - 35xtan(1/2*b*x + 1/2%a)~2 + 3)/tan(1/2%b

*x + 1/2%a)"5 + 330xtan(1/2*b*xx + 1/2%a))/b

Mupad [B]
time = 0.09, size = 36, normalized size = 0.80

cot(atba)® _ cot(atba)® 4 oot(q 4 ba)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(a + b*x)~6,x)
[Out] - x - (cot(a + b*x) - cot(a + b*x)~3/3 + cot(a + b*x)~5/5)/b
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3.7 [ cot’(a + bx) dx

Optimal. Leaf size=58

cot?(a + bzx) N cot(a +bx) cot’(a+bz) log(sin(a + b))
2b 4b 6b b

[Out] -1/2*cot (b*x+a) ~2/b+1/4*cot (b*x+a)~4/b-1/6*cot (b*x+a) "6/b-1n(sin(b*x+a))/b

Rubi [A]
time = 0.02, antiderivative size = 58, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 4, number of rules used = 2, integrand size = 8,
Rules used = {3554, 3556}

_cot®(a + bx) N cot’(a +bx) cot’(a+bx) log(sin(a+ bx))
6b 4b 2b b

Antiderivative was successfully verified.
[In] Int[Cot[a + b*x]"7,x]

[Out] -1/2#Cot[a + b*x]~2/b + Cot[a + b*x]~4/(4*%b) - Cot[a + bxx]~6/(6%b) - LoglS
infa + b*x]]/b

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*x((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x]11/d, x] /; FreeQ[{c, d}, x]

Rubi steps
6
/cot7(a +bz)dx = —w — /cot5(a + bz) dzx
_cot'(a+bz) cotb(a+ bx) 5
= m - b + /cot (a+ bx)dx
_ cot’(a+bz)  cot*(a+bxr) cot’(a+ bx)
=— 5% + N — &b - /cot(a + bx) dx

cot’(a+bx)  cot’(a+bx) cot’(a+bx) log(sin(a + bz))

B 2b 4b 6b b




Mathematica [A]
time = 0.33, size = 56, normalized size = 0.97

99

_ 6cot?(a+ bx) — 3cot*(a + bx) + 2 cot®(a + bx) + 12log(cos(a + bz)) + 12log(tan(a + bx))

12b

Antiderivative was successfully verified.

[In] Integrate[Cot[a + b*x]~7,x]

[Out] -1/12%(6%Cot[a + b*x]~2 - 3*Cot[a + b*x]~4 + 2xCot[a + b*x]~6 + 12xLog[Cos[

a + bxx]] + 12+Log[Tan[a + b*x]])/b

Maple [A]
time = 0.10, size = 49, normalized size = 0.84

method result size
(cot6(bz+a)) (cot4(bz+a)> (cotz(bz+a)) 4 In (cot2(bz+a)+1)
derivativedivides 6 4 T 2 49
_ (cot6(bz+a)) (cot4(bz+a)) (cotz(bz+a)) +ln(cot2(bz+a)+l)
default 6 4 T 2 49
2 4
norman _é_,r_tan E&era)_tan (QILa:Jra) _ In(tan(bz+a)) n ln(1+tan2(ba:+a,)) 71
tan(bz+a)® b 2b
i ; 6i(bz+a) 4i(br+a) | g o2i(bz+a) 2i(bz+a)
. X %a 6e101(ba:+a)_12681(bx+a)+68e = —12¢edi(bx +6e ln(e i(bz+a _1)
risch 1T+ 5+ (@t 1) - 5 104

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(b*x+a)~7,x,method=_RETURNVERBOSE)

[Out] 1/bx(-1/6%cot (b*x+a) ~6+1/4*cot (b*x+a) ~4-1/2*cot (b*x+a) ~2+1/2*x1n(cot (b*x+a)”~

2+1))
Maxima [A]
time = 0.30, size = 48, normalized size = 0.83

18 sin(bw+s‘2::l;isi;1§b’”+“)2+2 + 6 log (sin (bz + 0)2)
126

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)”~7,x, algorithm="maxima")

[Out] -1/12%((18*sin(b*x + a)~4 - 9*sin(b*x + a)~2 + 2)/sin(b*x + a)~6 + 6%log(si

n(b*x + a)~2))/b

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 126 vs.

2(52) = 104.
time = 3.71, size = 126, normalized size = 2.17

18 cos(2bz+2a)2—3(cos(2b:c+2a)3—3005(2bx+2a)2+3 cos (2bz +2a) — 1) log (—31 cos (2bz + 2a) + 1) — 18 cos (2bx + 2a) + 8

6(bcos(2bx+2a)3—3bcos(2bz+2a)2+3bcos(2bz+2a) —b)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)“~7,x, algorithm="fricas")

[Out] 1/6*%(18%cos(2%b*xx + 2%a)~2 - 3*(cos(2*b*x + 2%a)~3 - 3xcos(2*xbxx + 2*%a)~2 +
3xcos (2*b*x + 2%a) - 1)*log(-1/2*cos(2*b*x + 2%a) + 1/2) - 18*cos(2xb*x +

2%a) + 8)/(bxcos(2*xb*x + 2%a)~3 - 3xbkxcos(2xbxx + 2%a)~2 + 3¥b*cos(2*b*x +

2%xa) - b)

Sympy [A]
time = 0.43, size = 80, normalized size = 1.38
(Soz fora=0Ab=0
z cot” (a) forb =0
coT fora = —bx
log (tan? (a+bx)+1) log (tan (a+bx 1 1 :
o _ log( b( ) _ 2btanzl(aerz) + it (@) — Ehen® @) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)**7,x)

[Out] Piecewise((zoo*x, Eq(a, 0) & Eq(b, 0)), (x*cot(a)**7, Eq(b, 0)), (zoo*x, Eq
(a, -b*x)), (log(tan(a + b*x)**2 + 1)/(2%b) - log(tan(a + b*x))/b - 1/(2%bx*
tan(a + bxx)**x2) + 1/(4+b*tan(a + b*x)**x4) - 1/(6*b*tan(a + b*x)**6), True)

)

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 208 vs. 2(52) =

104.
time = 0.45, size = 208, normalized size = 3.59

12 (cos(bz+a)—1) , 87 (cos(bz+a)—1)2 | 352 (cos(bz+a)—1)3 |
( cos(bzta)+T T (eos(brta)+)? T (con(bata) D)3 '1>(°°5<b’+“)“)3 4 ST(eostbora)=1) | 12(cosCbera)=1)? | (eos(bata)=1)® _ 1go 10, (1= costbatal 1| | 3g4 1og (| costbeta-1 g
(cos(ba+a)—1)3 cos(bz+a)+1 (cos(bz+a)+1)? (cos(ba+a)+1)3 8 | Teos(bata)+1] g cos(br+a)+1

3840

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~7,x, algorithm="giac")

[Out] 1/384%((12*(cos(b*x + a) - 1)/(cos(b*x + a) + 1) + 87*(cos(b*x + a) - 1)°2/
(cos(b*x + a) + 1)72 + 352x(cos(b*x + a) - 1)73/(cos(b*x + a) + 1)73 + 1)*(
cos(b*x + a) + 1)73/(cos(b*x + a) - 1)73 + 87*(cos(b*x + a) - 1)/(cos(b*x +

a) + 1) + 12x(cos(b*x + a) - 1)72/(cos(b*x + a) + 1)72 + (cos(b*x + a) - 1
)~3/(cos(b*x + a) + 1)°3 - 192*log(abs(-cos(b*x + a) + 1)/abs(cos(b*x + a)

+ 1)) + 384xlog(abs(-(cos(b*x + a) - 1)/(cos(b*x + a) + 1) + 1)))/b

Mupad [B]
time = 7.46, size = 340, normalized size = 5.86

In(erebe® 1)
i 5 .
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(a + b*x)~7,x)

[Out] x*1i - log(exp(a*2i)*exp(b*x*2i) - 1)/b + 32/(b*(5*exp(a*x2i + b*x*2i)
exp(ax4i + b*x*4i) + 10*exp(a*6i + b*x*6i) - b*exp(a*8i + b*x*8i) + exp(ax*l
0i + b*x*10i) - 1)) + 32/(3*b*(15*%exp(a*x4i + b*x*4i) - 6*exp(a*2i + bxx*2i)
- 20*exp(ax6i + bxx*6i) + 15*%exp(a*x8i + b*x*8i) - 6*exp(a*x10i + b*x*10i) +
exp(ax12i + b*xx*12i) + 1)) + 6/(b*(exp(a*2i + bxx*2i) - 1)) + 18/(b*(exp(a
*x4i + bxx*4i) - 2xexp(a*2i + b*x*2i) + 1)) + 104/ (3*b*(3xexp(a*2i + b*x*2i)
- 3%exp(a*4i + bxx*4i) + exp(a*6i + b*x*6i) - 1)) + 44/(bx(6%exp(a*x4i + bx
x*x4i) - 4xexp(a*x2i + b*x*2i) - 4*exp(ax6i + bxx*6i) + exp(a*8i + b*x*8i) +

1))

- 10%
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3.8 [ cot®(a + bx) dx

Optimal. Leaf size=57

N cot(a +bz)  cot’(a+ bx) N cot’(a +bx)  cot’(a+ bx)
b 3b 5b 7b

[Out] x+cot(b*x+a)/b-1/3*cot (b*x+a) ~3/b+1/5*cot (b*x+a) ~5/b-1/7*cot (b*x+a) ~7/b

Rubi [A]
time = 0.03, antiderivative size = 57, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 5, number of rules used = 2, integrand size = 8,
Rules used = {3554, 8}

cot’(a+bx) cot’(a+br) cot}(a+bz) cot(a+ bx)
R S

Antiderivative was successfully verified.
[In] Int[Cot[a + b*x]~8,x]

[Out] x + Cot[a + b*x]/b - Cot[a + b*x]~3/(3*b) + Cot[a + b*x]~5/(56%b) - Cotl[a +
b*xx] 7/ (7*b)

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3554

Int [((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rubi steps
7
/cots(a +bz)dz = _cot(c;—b-l-bm) — /cotG(a + bz) dz
_cot’(a+bz) cot’(a+ bx) 4
= 55 - b + /cot (@ + bx) dz
_ cot’(a+bz)  cot’(a+bxr) cot’(a+ bx) )
=— 3 + = - = - / cot”(a + bx) dx
_cot(a+bx) cot’(a+bx) | cot’(a+bxr) cot’(a+ br)
- » wm mwm / Lz

N cot(a+bz) cotd(a+ br) 4 cot’(a+bx)  cot’(a + bx)
b 3b 5b 7b
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Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
3 in optimal.
time = 0.01, size = 33, normalized size = 0.58
cot”(a + bz) o F1 (—1,1; —3; — tan’(a + bz))
- 7b

Antiderivative was successfully verified.

[In] Integrate[Cot[a + b*x]~8,x]
[Out] -1/7*(Cot[a + b*x] 7+Hypergeometric2F1[-7/2, 1, -5/2, -Tan[a + b*x]~2])/b

Maple [A]
time = 0.07, size = 52, normalized size = 0.91

method result size
(cot7(bx+a)) (cots(bm+a)) (cots(bm+a))
. . o . — — ~+cot(bz+a)— Z +arccot(cot(bz+a
derivativedivides z 8 i (bota) =5 (cot(brta)) 52
(cot7(bm+a)) (cots(bm+a)) (cot3(bz+a))
- — +cot(bz+a)—Z +arccot(cot(bz+a
default z K 2 (bota) =5 (cot(brta)) 52
tanﬁ(bx+a) 7 1 tanz(bz+a) tan4(b:v+a)
2R 218 g (tan” (brta)) — = + —
b 7b 5b 3b
norman tan(bara)” 64
. 8i(105 el2i(bz+a) _315 elOi(bz+a)+770 e8i(bz+a) _770 eGi(bm+a)+609 edi(bz+a)_903 e2i(bz+a)+44)
risch T+ . - 90
105b(e?i(bz+a) —1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(b*x+a)~8,x,method=_ RETURNVERBOSE)

[Out] 1/bx(-1/7*cot(b*x+a) " 7+1/5%cot (b*x+a) ~5-1/3*cot (b*x+a) ~3+cot (b*x+a)-1/2%Pi+
arccot (cot (b*xx+a)))

Maxima [A]

time = 0.51, size = 54, normalized size = 0.95

105 tan(bz+a)®—35 tan(bz+a)?+21 tan(bz+a)?—15
tan(bz+a)”

1050

105bx + 105a +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~8,x, algorithm="maxima")

[Out] 1/105%(105%b*x + 105%a + (105*tan(b*x + a)~6 - 35xtan(b*x + a)~4 + 21xtan(b
*x + a)~2 - 15)/tan(b*x + a)~7)/b

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 168 vs.

2(51) = 102.

time = 2.61, size = 168, normalized size = 2.95

176 cos (2bz + 2a)* — 108 cos (2bz + 2a)® + 20 cos (2bz + 2a)® + 105 (bzcos(be+2a)373bxcos(2bz+2a)2+3bxcos(2bz+2a)7bx)sin(2bz+2a)+228 cos (2bx +2a) — 76
105 (beos (2bz + 2a)® — 3bcos (2bz + 2a)” + 3bcos (2bx + 2a) — b) sin (2bx + 2a)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~8,x, algorithm="fricas")

[Out] 1/105%(176*cos(2*b*x + 2*a)~4 - 108*cos(2*b*x + 2*a)~3 + 20*cos(2*b*x + 2*a
)"2 + 105*(b*x*cos(2*bxx + 2%a)”~3 - 3*b*x*cos(2xb*x + 2*a)”~2 + 3*b*x*cos(2x*

b*x + 2%a) - bxx)*sin(2%b*xx + 2%a) + 228*cos(2*b*x + 2*a) - 76)/((b*xcos(2*b

*x + 2%a)”3 - 3xbkcos(2*b*x + 2*a)”~2 + 3*b*cos(2xbxx + 2+*a) - b)*sin(2*b*x

+ 2%a))

Sympy [A]
time = 0.16, size = 51, normalized size = 0.89

_ cot” g;;+bm) + cot® (5(2+bz) _ cot? g;)—i—bw) + cot (Ul;“‘bm) ford 7& 0

z cot® (a) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)**8,x)

[Out] Piecewise((x - cot(a + b*x)**7/(7*b) + cot(a + b*x)**5/(5%b) - cot(a + b*x)
**x3/(3%b) + cot(a + b*xx)/b, Ne(b, 0)), (x*cot(a)**8, True))

Giac [B] Leaf count of result is larger than twice the leaf count of optimal. 116 vs. 2(51) =

102.
time = 0.47, size = 116, normalized size = 2.04

9765 tan (4 ba+1 a)°~1295 tan(2 bo+2 a)*+189 tan(L bo+1 a)*~15
n(lbet+la) (i bt a) n(3bo59) 715 _ 9765 tan (Lbz + L a)
tan( be+3 a)

15 tan (L bz + 1a)" — 189 tan (1 bz + L a)® + 1295 tan (1 bz + L a)® + 13440 be + 134400 +
13440

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)~8,x, algorithm="giac")
[Out] 1/13440*(15*tan(1/2*bxx + 1/2*%a)”~7 - 189*tan(1/2xb*x + 1/2*a)~5 + 1295%tan(
1/2*%bxx + 1/2%a)”3 + 13440*bxx + 13440*a + (9765*tan(1/2*b*xx + 1/2%a)”6 - 1
295*tan(1/2xb*x + 1/2*%a)~4 + 189*tan(1/2xb*x + 1/2xa)~2 - 15)/tan(1/2*b*x +
1/2*a)~7 - 9765xtan(1/2*bxx + 1/2*a))/b
Mupad [B]
time = 0.11, size = 43, normalized size = 0.75
t(at+bz)” t(a+bz)® t(a+bz)?
__co (a—7i- x) + co (a—5i- z)° _ co (a;— z) +COt(CL+b.’IJ)
b

T+

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(a + b*x)~8,x)
[Out] x + (cot(a + b*x) - cot(a + b*x)~3/3 + cot(a + b*x)"5/5 - cot(a + b*x)~7/7)
/b
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3.9 [(ccot(a+ bx))"/? dx

Optimal. Leaf size=232

c/?ArcTan( 1 — V2 \ecot(a +br) c/?ArcTan( 1 + V2 Vecot(a + ba)
Ve Ve

V2'b V2'b

[Out] -2/5*c*(c*cot(b*x+a))~(5/2)/b+1/2%c”~(7/2)*arctan(1-2"(1/2)*(c*cot (b*x+a)) " (
1/2)/c~(1/2)) /o%2~(1/2)-1/2%c~(7/2) *arctan(1+2~ (1/2) * (cxcot (b*x+a) ) ~(1/2) /c
~(1/2)) /%27 (1/2)+1/4%c~(7/2) *1n(c~ (1/2) +cot (b*x+a) *c~ (1/2)-27(1/2) * (c*xcot (
bxx+a))~(1/2))/b*2~(1/2)-1/4%c~(7/2)*1n(c” (1/2) +cot (b*x+a)*c~(1/2)+2~(1/2) *
(cxcot (b*x+a)) ~(1/2)) /b*27 (1/2)+2*c~3* (c*cot (b*xx+a) ) ~(1/2) /b

Rubi [A]
time = 0.14, antiderivative size = 232, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.750,

2¢3+\/ccot(a + bz) 2
+ ; -

steps used = 13, number of rules used = 9, integrand size = 12
Rules used = {3554, 3557, 335, 217, 1179, 642, 1176, 631, 210}

V2 \/ccot(a+bx ’ V2 \/ecot(a+bx —
07/2A'CT3"<1 - o ) ¢"/?ArcTan Je +1)  2log (ﬁ cot(a +bz) — V2 \/ceot(a+ bz) + ﬁ) 2log (\/F cot(a +bx) + v2' \/ccot(a+ ba) + \/F) 26 Joeotlat 2] 2elceot(a +ba))/?
+ - + -
b 5b

V2'h - VZh 2V7b 2VZb

Antiderivative was successfully verified.
[In] Int[(c*Cotla + b*x])~(7/2),x]

[Out] (c~(7/2)*ArcTan[1 - (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl])/(Sqrt[2]*b) -
(c=(7/2)*ArcTan[1 + (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlc]])/(Sqrt[2]*b) +
(2xc~3*Sqrt [c*Cot[a + b*x]])/b - (2*c*k(c*Cot[a + b*x])~(5/2))/(5%b) + (c~(7
/2)*Log[Sqrt[c] + Sqrtlcl*Cot[a + b*x] - Sqrt[2]*Sqrt[cxCot[a + bxx]]])/(2x*
Sqrt[2]*b) - (c~(7/2)*Log[Sqrtlc] + Sqrtl[cl*Cot[a + b*x] + Sqrt[2]*Sqrt[cxC
ot[a + b*x]1])/(2xSqrt[2]*b)

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 217

Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
1, s = Denominator[Rt[a/b, 211}, Dist[1/(2*%r), Int[(r - s*x~2)/(a + b*x"4),
x], x] + Dist[1/(2*r), Int[(r + s*x"2)/(a + b*x~4), x], x1] /; FreeQ[{a, b
}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all]l &&
AtomQ[SplitProduct [SumBaseQ, bl]))

Rule 335
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Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
D7p, x1, x, (c*xx)~(1/k)]1, x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 1176

Int[((d)) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2%c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - a*e”2, 0] && PosQ[dxe]

Rule 1179

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],

x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d~2 - a*e™2, 0] && NegQ[d*el

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*x(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps
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Mathematica [A]
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5/2
2ele COt((;b—i_ L)) c? /(c cot(a + bz))>/? dx
3 5/2
_ 2¢%+/ccot(a + bx) B 2¢(ccot(a + br)) N 04/ 1 .
b 5b ccot(a + bx)
5 B B
2¢*\/ccot(a + bx) _ 2¢(ccot(a + b)) c’Subst <f /7 @a?) dz, z, ccot(a
b 5b 7
2¢3\/ccot(a + bx) _ 2c¢(ccot(a + bz))3/2 ~ (2¢®) Subst (f ﬁ dz,z, \/ccot(a
b 5b 5

C—.’L’2

_ 2% /ccot(a+bz)  2c(ccot(a+ bx))®/? c*Subst (f 307 T, T, \/ccot(a +

b 5b b
7/2 V2'\/c 120
_2¢%y/ccot(a + bx) _ 2c(ccot(a+ bz))®/? N ¢'/"Subst (f —e-V2'\/C s-a? 4, @,
b 5b 2v/2'b

_2¢%\/coot(a+bx)  2c(ccot(a + bx))>? N ¢/ log (‘/E + /¢ cot(a +bz) — -

b 5b 2v2'b
72 po-1 (1 _ \/gx/ccot(a+bx) 7/2 4o —1 \/fx/ccot(a-l—bx)
c'’“tan (1 /o c'/“tan 1+ e

V2'b V2'b

time = 0.54, size = 175, normalized size = 0.75

& eaot(a+br) (10v2 ArcTan (1 - V2 /oot{a+ ba) ) — 10V2 ArcTan 1+ VZ /cot(a+ b)) +40y/eot(a + bz) — Scot?(a+ba) +5v2 log (1= V2 vVeotla +b2) +cot(a+b2)) =5V log (1+ VZ V/eot(a+ ba) +cot(a+ b)) )

20b+/cot(a + bz)

Antiderivative was successfully verified.

[In] Integrate[(c*Cotl[a + b*x])~(7/2),x]

[Out] (c~3*Sqrtlc*Cotl[a + b*x]]*(10*Sqrt[2]*ArcTan[1 - Sqrt[2]*Sqrt[Cot[a + b*x]]
1 - 10%Sqrt[2]*ArcTan[1 + Sqrt[2]*Sqrt[Cot[a + b*x]]] + 40*Sqrt[Cot[a + b*x

1] - 8*%Cot[a + b*x]~(5/2) + 5%Sqrt[2]*Logl[l - Sqrt[2]*Sqrt[Cot[a + b*x]] +

Cot[a + b*x]] - 5*Sqrt[2]*Logl[l + Sqrt[2]*Sqrt[Cot[a + b*x]] + Cot[a + b*x]

1))/ (20%b*Sqrt [Cot [a + b*x]])

Maple [A]

time = 0.31, size = 169, normalized size = 0.73
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method result

2@y (1n<ccot<bm+a>+<c2> Vecot (bz +a) V2 v

1
4
ccot(bz+a)_(c2)71£ Veeot (b +a) V2 v

5
2¢| (ecotlbera)® 2, /ccot (bx + a) +

derivativedivides | — 5
02(62)211\/2— (ln(ccot(bz+a)+(c2)zlf Vecot (bx + a) | V2 1V
% (ccot(b;-&-a))g —02 CCOt (bx + a) n ccot(b:c-}—al)—(02)ZI \/C COt (bx + a) \/54—\/
default —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*cot(b*x+a))~(7/2),x,method=_RETURNVERBOSE)

[Out] -2/b*c*(1/5%(c*cot (b*x+a))~(5/2)-c~2*(cxcot (b*x+a)) ~(1/2)+1/8xc~2%(c~2)~(1/
1) *2-(1/2)*(In((c*xcot (b*x+a)+(c”2) " (1/4) *(cxcot (b*x+a)) ~(1/2) %2 (1/2)+(c"2)
~(1/2))/ (c*xcot (b*x+a)-(c~2) " (1/4) * (cxcot (b*x+a) )~ (1/2)*27(1/2)+(c"2)~(1/2))
Y+2*xarctan(27(1/2)/(c™2) " (1/4) *(cxcot (b*x+a) ) ~(1/2)+1)-2*xarctan(-2"(1/2)/(c
~2)~(1/4) *(c*cot (b*x+a) )~ (1/2)+1)))

Maxima [A]

time = 0.51, size = 197, normalized size = 0.85

c

VE (VB Ve [— N oy R R R B
(mﬁci arctan (W +10VZ ¢} arctan 7% +5vZchlog (ﬁ\/F J R ) —5vZcilog (7\/7\/F Vi (h‘" et mw*m,) —10¢ V“'m (h”r ot (mm) " |

tan (bz + a) abata)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(7/2),x, algorithm="maxima")

[Out] -1/20%(10*sqrt(2)*c~(5/2)*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(c) + 2*sqrt(c/ta
n(b*x + a)))/sqrt(c)) + 10*sqrt(2)*c~(5/2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqr

t(c) - 2xsqrt(c/tan(b*x + a)))/sqrt(c)) + 5xsqrt(2)*c~(5/2)*log(sqrt(2)*sqr
t(c)*sqrt(c/tan(b*x + a)) + ¢ + c/tan(b*x + a)) - 5xsqrt(2)*c~(5/2)*log(-sq

rt(2) *sqrt(c)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a)) - 40*%c™2*xsqrt(c/ta
n(b*x + a)) + 8x(c/tan(b*x + a))~(5/2))*c/b

Fricas [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(7/2),x, algorithm="fricas")
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[Out] Exception raised: TypeError >> Error detected within library code: catde
f: division by zero

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (ccot (a + bx))% dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxcot(b*x+a))**(7/2),x)
[Out] Integral((cxcot(a + bx*x))*x(7/2), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(7/2),x, algorithm="giac")
[Out] integrate((c*cot(b*x + a))~(7/2), x)
Mupad [B]

time = 0.84, size = 91, normalized size = 0.39

(~1)A atan<<_1)1/4 veceot(a+bx) > U (~)Adr atan<(‘1>l“ Vecot (a+bz) 1i>

2¢% \/ccot (a+bzx) _26(ccot(a+bz))5/2+ Ve + NG
b 5b b b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*cot(a + b*x))~(7/2),x)

[Out] (2*xc~3*x(cxcot(a + b*x))~(1/2))/b - (2*c*x(cxcot(a + b*x))~(5/2))/(5%b) + ((-
1)~ (1/4)*c~(7/2)*atan(((-1)~(1/4)*(cxcot(a + b*x))~(1/2))/c~(1/2))*1i)/b +
((-1)"(1/4)*c~(7/2) *atan(((-1) " (1/4) *(cxcot(a + b*xx))~(1/2)*1i)/c~(1/2)))/b
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3.10 [(ccot(a + bx))*? dx

Optimal. Leaf size=212

c®?ArcTan( 1 — V2 ecot(a+br) c®?ArcTan( 1 + V2 Vecot(a + ba)
Ve Ve

B N _ 2¢(ccot(a + bx))*

V2'b V2'b 3b

[Out] -2/3%c*(c*xcot(bxx+a))~(3/2)/b-1/2%c~(5/2)*arctan(1-2~(1/2) *(c*cot (b*x+a)) ~(
1/2)/c~(1/2)) /o%2~(1/2)+1/2%c~(5/2) *arctan (1+2~ (1/2) * (cxcot (b*x+a) ) ~(1/2) /c
~(1/2)) /%2~ (1/2)+1/4%c~(5/2) *1n(c~ (1/2) +cot (b*x+a) *c~ (1/2)-2"(1/2) * (c*cot (
b*x+a)) ~(1/2))/b*27(1/2)-1/4%c”(5/2) *1n(c” (1/2)+cot (b*x+a) *c~(1/2)+27(1/2) *
(c*xcot (b*x+a))~(1/2))/bx2~(1/2)

Rubi [A]
time = 0.11, antiderivative size = 212, normalized size of antiderivative = 1.00, number of

: number of rules _ 0.750,
integrand size

steps used = 12, number of rules used = 9, integrand size = 12
Rules used = {3554, 3557, 335, 303, 1176, 631, 210, 1179, 642}

*/2ArcTan (1 - M)

c

V2'b

?log <\/Z cot(a + bz) — V2 y/ccot(a+ bz) + \/E) /% log <\/? cot(a + bz) + V2 /ccot(a+ bz) + \/5) 2c(ccot(a + bz))/2
+ _ _

2v2'b 2v2'b 3b

4
V2'b

Antiderivative was successfully verified.
[In] Int[(c*Cot[a + b*x])~(5/2),x]

[Out] -((c~(5/2)*ArcTan[1 - (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl])/(Sqrt[2]*b))
+ (c~(5/2)*ArcTan[1 + (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl])/(Sqrt[2]*b)
- (2%c*x(c*Cot[a + b*x])~(3/2))/(3*%b) + (c~(5/2)*Log[Sqrtlc] + Sqrt([cl*Cotl[

a + bxx] - Sqrt[2]*Sqrt[cxCot[a + b*x]]])/(2%Sqrt[2]*b) - (c~(5/2)*Logl[Sqrt

[c] + Sqrtlcl*Cot[a + b*x] + Sqrt[2]*Sqrt[c*Cot[a + b*x]1])/(2*Sqrt[2]*Db)

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]1*(x/Rt[-a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

Rule 303

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/D,

2]]1, s = Denominator[Rt[a/b, 2]]1}, Dist[1/(2*s), Int[(r + s*x~2)/(a + b*x"4
), x], x] - Dist[1/(2%s), Int[(r - s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct[SumBaseQ, bl]))

Rule 335

(
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Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
))7p, x1, x, (c*xx)~(1/k)]1, x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 1176

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2*c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - axe”2, 0] && PosQ[dxe]

Rule 1179

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],

x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d~2 - a*e™2, 0] && NegQ[d*el

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*x(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps
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/(ccot(a+bx))5/2dx: 2¢(ccot(a + be))’ —c /\/ccot(a+bx ) dz

3b

3 f
2c(ccot(a + bx))3/? . c’Subst (f 1.z dz, T, ccot(a + bm))

B 3b b
2c(ccot(a + bz))?/? (203)Subst<ftﬁ+t4dx z, ccot@z{—bx))
T 3b + b
2c(ccot(a + bx))3/? c*Subst (f Cgf ; dx, z, \/ccot(a + bx) ) c3Subst (f c%‘
- 3b - +
2 x
I O \/\;5\/\;5 0, Voot T 0) )¢
= — _|_ c— T—x + i
3 2v2 b
2¢(ccot(a + bx))32 /2 log (ﬁ + /¢ cot(a + bx) — V2 W)
= — + -
3 2v/2'b
05/2 tan—l (1 _ \/E \/m) 05/2 tan_l (1 + \/5 \/W)
] o Ve

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order

3 in optimal.
time = 0.08, size = 40, normalized size = 0.19

2c(ccot(a+ bz))3/2 (=1 + 2F1(3,1; %, — cot?(a + bz)) )
3b

Antiderivative was successfully verified.

[In] Integrate[(c*Cotl[a + b*x])~(5/2),x]
[Out] (2xc*(cxCot[a + bxx])~(3/2)*(-1 + Hypergeometric2F1[3/4, 1, 7/4, -Cot[a + b
*x]72]1))/ (3%b)

Maple [A]
time = 0.32, size = 154, normalized size = 0.73

’ method ‘ result
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L NG

ccot (bx + a) ﬁ+\/c—2)+2arctan(ﬁ Veco
\/ccot(bx-l-a)‘ 2 Ve? (2

N

2
62\/5 n ccot(bz—l—a)—(c)
% ( (ccot(bz+a)+(cz)

ccot(bx+a
9¢ | (coot(bata)

8(02)211

derivativedivides | — 5

2 \/E (ln (CC0t<bz+Q)_(62) CCOt (bx + a) : ﬁ+ 02 )+2 arctan(\/g v € o
ccot(bz+a)+(c2) \/C COt (b.’L’ + a/) 2 +VC (02

W= R

n

3
% (c cot(b;::-}-a)) 2

default — 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*cot(b*x+a))~(5/2),x,method=_RETURNVERBOSE)

[Out] -2/b*xc*(1/3*(c*xcot (b*x+a))~(3/2)-1/8*xc~2/(c"2)~(1/4)*2~(1/2)*(In((c*cot (b*x
+a)-(c”2)"(1/4)*(c*xcot (b*x+a) )~ (1/2)*2~(1/2)+(c"2)~(1/2)) / (c*cot (b*x+a)+(c~
2)~(1/4)*(cxcot (bxx+a)) ~(1/2)*2~(1/2)+(c"2)~(1/2)))+2*xarctan(2~(1/2)/(c"2)~

(1/4) *(c*xcot (b*xx+a)) ~(1/2)+1)-2*arctan(-2"(1/2)/(c”2) ~(1/4) *(c*cot (b*xx+a) )~
(1/2)+1)))

Maxima [A]
time = 0.49, size = 185, normalized size = 0.87

e <
A {0 )
— e —
3 +

—— —
g ? V2 o[ VZVE | f— ot gy VS oy (V2T S — .
/ tan (bz + a) \/ tan (bz + a) s . H
Ve Ve - c + Ve - (tan(hz+u)> ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(5/2),x, algorithm="maxima")

[Out] 1/12%(3*c™2*(2*sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(c) + 2*sqrt(c/tan(b
*x + a)))/sqrt(c))/sqrt(c) + 2*sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c)

- 2xsqrt(c/tan(b*x + a)))/sqrt(c))/sqrt(c) - sqrt(2)*log(sqrt(2)*sqrt(c)*s
grt(c/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c) + sqrt(2)*log(-sqrt(2)*sq
rt(c)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c)) - 8*(c/tan(b*x +
a))~(3/2))*c/b
Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((c*cot(b*x+a))~(5/2),x, algorithm="fricas")

[Out] Exception raised: TypeError >> Error detected within library code: catde

f: division by zero

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (ccot (a + b:c))% dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxcot(b*x+a))**(5/2),%)
[Out] Integral((c*cot(a + b*x))*x(5/2), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(5/2),x, algorithm="giac")

[Out] integrate((c*cot(b*x + a))~(5/2), x)

Mupad [B]
time = 0.43, size = 74, normalized size = 0.35

_\/4 52 (-n¥*y/ccot (a+bx) _\/4 52 (-1t +/ccot (a+ bx)
(-D)""¢ atan( NG 2c(ceot(at bz))*? ) (—1)"/" ¢*/? atanh e
b 3b b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*cot(a + b*x))~(5/2),x)

[Out] ((-1)~(1/4)*c~(5/2)*atan(((-1)~(1/4)*(cxcot(a + bxx))~(1/2))/c~(1/2)))/b -
(2%c*x(cxcot(a + b*x))~(3/2))/(3*%b) - ((-1)~(1/4)*c~(5/2)*atanh(((-1)~(1/4)+*
(cxcot(a + b*x))~(1/2))/c~(1/2)))/b
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3.11 [(ccot(a + bx))%? dx

Optimal. Leaf size=210

3/2 _ V2 \/ccot(a + bx) 3/2 V2 \/ccot(a + bx)
‘ ArCT&n(l Ve ¢ ArcTan| 1+ Ve 2cy/ccot(a + bx)

V2'b V2'b b

[Out] -1/2%c~(3/2)*arctan(1-2"(1/2)*(cxcot (b*x+a)) ~(1/2)/c~(1/2))/bx2~(1/2)+1/2%*c
~(3/2)*arctan(1+27(1/2) *(cxcot (b*x+a))~(1/2)/c~(1/2)) /b*2~(1/2)-1/4%c~(3/2)
*1n(c~(1/2)+cot (bxx+a)*c~(1/2)-2"(1/2) *(c*cot (bxx+a)) ~(1/2)) /b*2~(1/2)+1/4%
c~(3/2)*1n(c~(1/2)+cot (b*x+a) *c~(1/2)+2~(1/2) * (c*cot (b*xx+a)) ~(1/2)) /b*x2~(1/
2)-2%c*(c*xcot (b*x+a))~(1/2)/b

Rubi [A]
time = 0.10, antiderivative size = 210, normalized size of antiderivative = 1.00, number of

: number of rules _ 0.750,
integrand size

steps used = 12, number of rules used = 9, integrand size = 12
Rules used = {3554, 3557, 335, 217, 1179, 642, 1176, 631, 210}

V2 /ccot(a + ba V2 /ccot(a + bz
c’r’?ArcTan(l _ N;;(a ) B/ AreTan Vv rv\(}z(a ) 1> 2 log (\/E cot(a + bz) — v2'/ccot(a + be) + \/F) S log (\/E cot(a +bz) + V2 \/ecot(a + be) + ﬁ) 20y/coot(a 1 ba)
V2’ * VZ'b N 2v2'b * 2/2'b N b

Antiderivative was successfully verified.
[In] Int[(c*Cotl[a + b*x])~(3/2),x]

[Out] -((c~(3/2)*ArcTan[1 - (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl])/(Sqrt[2]*b))
+ (c7(3/2)*ArcTan[1 + (Sqrt[2]*Sqrt[cxCot[a + bxx]])/Sqrtlcl]l)/(Sqrt[2]*b)
- (2*c*Sqrt[cxCot[a + b*x]])/b - (c~(3/2)*Logl[Sqrt[c] + Sqrt[c]l*Cot[a + b*
x] - Sqrt[2]*Sqrt[c*Cot[a + b*x]]1])/(2%Sqrt[2]*b) + (c~(3/2)*Logl[Sqrtlc] +
Sqrt[c]*Cot[a + b*x] + Sqrt[2]*Sqrt[c*Cot[a + b*x]]])/(2+Sqrt[2]*b)

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

Rule 217

Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
], s = Denominator[Rt[a/b, 2]1}, Dist[1/(2*xr), Int[(r - s*x~2)/(a + b*xx"4),
x], x] + Dist[1/(2*r), Int[(r + s*x"2)/(a + b*x~4), x], x1] /; FreeQ[{a, b
}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &&
AtomQ[SplitProduct [SumBaseQ, bl]))

Rule 335
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Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
D7p, x1, x, (c*xx)~(1/k)]1, x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 1176

Int[((d)) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2%c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - a*e”2, 0] && PosQ[dxe]

Rule 1179

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],

x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d~2 - a*e™2, 0] && NegQ[d*el

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*x(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps



(s

/(c cot(a + bx))3/2 de — \/m /
m

3 S S
__2cy/ccot(a + bz) N c*Subst (f 7 (@) dz,x,ccot(a + bx))

b b
_2cy/ccot(a + bz) N (2¢) Subst (f 721 4%, T, \/ccot(a + bx) )

— . :

20\ /eoot(atba)  CSubst([ S5 du,z, \/ecot(a+be) ) Subst([ &

2¢+/ccot(a + bz) ¢*/2Subst (f \/32—\/?2‘” dz,z, \/ccot(a + bx) ) ¢

—c— C z—z2

B b 2v/2'b

2er/ecot(a thm)  ¢10g (VE +VE cot(a+be) — V2 Vecot(a+ ba) )
. b ) 2v2'b

A2tan1 (1 — ﬁ\/m A2tan1 1+ ﬁ\/w)tj(cz——l-bx)\
_ Ve N Ve

Mathematica [A]
time = 0.21, size = 159, normalized size = 0.76

(ccot(a +b2)*? (2v2 ArcTan(1 - VZ v/oot(a + b2) ) — 2v/Z ArcTan(1+ V2 y/eot(a+ ba) ) +8v/cot(a + ba) + V2 log (1 - V2 v/eotla +b2) +cot(a+bz)) - V2 log (14 v V/eot(a+a) + cot(a + b)) )

4bcot? (a + bz)

Antiderivative was successfully verified.

[In] Integrate[(c*Cot[a + b*x])~(3/2),x]

[Out] -1/4%((c*Cot[a + bx*x])~(3/2)*(2*Sqrt[2]*ArcTan[1 - Sqrt[2]*Sqrt[Cot[a + b*x
111 - 2%Sqrt([2]*ArcTan[1 + Sqrt[2]*Sqrt[Cot[a + bxx]]] + 8*Sqrt[Cot[a + b*x

11 + Sqrt[2]*Logl[l - Sqrt[2]*Sqrt[Cot[a + b*x]] + Cot[a + b*x]] - Sqrt[2]*L

ogll + Sqrt[2]*Sqrt[Cot[a + b*x]] + Cot[a + b*x]]))/(bxCot[a + b*x]~(3/2))

Maple [A]
time = 0.27, size = 149, normalized size = 0.71

’ method ‘ result
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PN N
N

(02)%\/5 n ccot(bw+a)+(c2)
ccot(bz+a)— (c2)

2c| v/ccot (bz + a) - \/CCOt(b.’l;""a)‘\/E.g-\/?

V) VI [

[3

8

derivativedivides | — 5

(02)% NG) (ln(ccot(ba:+a)+(c2)i Vecot (br + a) V2 Ve

o

: +2 arctan
ccot(bm+a)—(c2) \/C COt (b.’L‘ + a) ﬁ+ Vv 02 ) (

(3
£

2¢| y/ccot (br + a) -

8

default — 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*cot(b*x+a))~(3/2),x,method=_RETURNVERBOSE)

[Out] -2/b*c*x((c*xcot (b*x+a)) " (1/2)-1/8*(c"2)~(1/4)*2~(1/2) *(In((c*cot (b*x+a)+(c~2
)~ (1/4)*(cxcot (bxx+a)) ~(1/2)*27(1/2)+(c~2)~(1/2)) / (cxcot (b*x+a)-(c~2)~(1/4)
*(cxcot (b*x+a)) ~(1/2)*27(1/2)+(c"2)~(1/2)))+2*arctan(2°(1/2)/(c"2)~(1/4)*(c

*xcot (b*xx+a))~(1/2)+1)-2*arctan(-2"(1/2)/(c"2) " (1/4) *(c*cot (b*xx+a)) ~(1/2)+1)

)

Maxima [A]
time = 0.50, size = 179, normalized size = 0.85

E

. - - [ ¢ . \_g [ .
+e+ unmm) — V2 log (—\/7\/?\‘, Py e +(+m(“m) 8V’tan[bz+a) ¢

¢
\/ tan (bz + a)

(zﬁﬂmm (%M) +2V2' V& arctan (7%@““’7”) +VE VT log (VEVE

4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(3/2),x, algorithm="maxima")

[Out] 1/4%(2*sqrt(2)*sqrt(c)*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(c) + 2*sqrt(c/tan(b
*x + a)))/sqrt(c)) + 2xsqrt(2)*sqrt(c)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c)

- 2xsqrt(c/tan(b*x + a)))/sqrt(c)) + sqrt(2)*sqrt(c)*log(sqrt(2)*sqrt(c)*s
qrt(c/tan(b*x + a)) + c + c/tan(b*x + a)) - sqrt(2)*sqrt(c)*log(-sqrt(2)*sq
rt(c)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a)) - 8xsqrt(c/tan(bxx + a)))*

c/b
Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(3/2),x, algorithm="fricas")
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[Out] Exception raised: TypeError >> Error detected within library code: catde
f: division by zero

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (ccot (a + bx))% dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxcot(b*x+a))**(3/2),x)
[Out] Integral((cxcot(a + bx*x))*x(3/2), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(3/2),x, algorithm="giac")
[Out] integrate((c*cot(b*x + a))~(3/2), x)

Mupad [B]
time = 0.37, size = 75, normalized size = 0.36

_ 1/4 _1\1/4
2¢ /oot (a + ba) (—1)1/403/2atan<( i ceot (a +bz) > 1i (—1)1/403/2atanh(( b ceot (a +bz) ) 1i

_ _ ve _ a
b b b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*xcot(a + b*x))~(3/2),x%)

[Out] - (2*cx(ckcot(a + b*x))~(1/2))/b - ((-1)7(1/4)*c™(3/2)*atan(((-1)~(1/4)*(c*
cot(a + b*x))~(1/2))/c~(1/2))*1i)/b - ((-1)~(1/4)*c~(3/2)*atanh (((-1)~(1/4)
*(ckxcot(a + bxx))~(1/2))/c(1/2))*1i) /b
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3.12 [ /ccot(a + bz) dx

Optimal. Leaf size=192
V2 \/ccot(a + bx) V2 \/ccot(a + bx)
v/c ArcTan (1 — V¢ ArcTan( 1+
a Ve
V2'b V2'b

[Out] 1/2*arctan(1-27(1/2)*(cxcot(b*x+a))~(1/2)/c”(1/2))*c~(1/2)/b*2~(1/2)-1/2*ar
ctan(1+27(1/2)*(c*xcot (b*xx+a)) ~(1/2)/c~(1/2)) *c~(1/2) /b*2~(1/2)-1/4*1n(c~(1/
2)+cot (b*xx+a)*c~(1/2)-2"(1/2) *(c*cot (bxx+a)) ~(1/2) ) *c~(1/2) /bx2~(1/2)+1/4%1
n(c™(1/2)+cot (b*x+a)*c™ (1/2)+27(1/2) * (cxcot (b*x+a) )~ (1/2))*c~(1/2) /b*2~(1/2

)

Rubi [A]
time = 0.08, antiderivative size = 192, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.667,

_\/Elog<\/3+\/gcot

steps used = 11, number of rules used = 8, integrand size = 12
Rules used = {3557, 335, 303, 1176, 631, 210, 1179, 642}

\C a 23 4 a )T
\/ZATCT&H<1 vz C\(}% +ba) > \/EATCTan(gﬁ C\(;%( + bo) + 1) Vc'log <\/E cot(a + bx) — V2 /ccot(a + bz) + \/F> V¢ log (\/Z cot(a + bx) + V2 /ccot(a + bz) + \/Z)
V2 B V2 N 2v/2'h * 2v2'b

Antiderivative was successfully verified.
[In] Int[Sqrtlc*Cotl[a + b*x]],x]

[Out] (Sqrtlcl*ArcTan[1 - (Sqrt[2]*Sqrtl[c*Cot[a + b*x]])/Sqrtlcl])/(Sqrt[2]*b) -
(Sqrt [c]*ArcTan[1 + (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl])/(Sqrt[2]*b) -

(Sqrt [c]*Log[Sqrt[c] + Sqrt[c]l*Cotl[a + b*x] - Sqrt[2]*Sqrt[c*Cot[a + bx*x]]]

)/ (2xSqrt [2] *b) + (Sqrtlcl*Logl[Sqrtlc] + Sqrtlc]l*Cot[a + b*x] + Sqrt[2]*Sqr
t[c*Cot[a + b*x]]])/(2*Sqrt[2]*b)

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 01)

Rule 303

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/b,
211, s = Denominator[Rt[a/b, 211}, Dist[1/(2%s), Int[(r + s*x~2)/(a + b*x"4
), x], x] - Dist[1/(2%s), Int[(r - s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct[SumBaseQ, bl]))

Rule 335
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Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
))7p, x1, x, (c*xx)~(1/k)]1, x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642
Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S

imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 1176

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2*c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - axe”2, 0] && PosQ[dxe]

Rule 1179

Int[((d)) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],

x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d~2 - a*e™2, 0] && NegQ[d*el

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x~2), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps
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cSubst (f {2 dz,z,ccot(a + bz)>

| Vecotla+ta) do = - ;

(2¢)Subst (f 2 dz, m, \/ccot(a + bx) )
b

B cSubst (f c‘§+“;4 dz,z, \/ccot(a + bx) ) cSubst (f cc;j:f‘l dz,z, \/ccot(a + bx) )
- - b

\/5\/84—235 ) ( ﬁﬁ

Subst dz, 7, \/ccot(a+ b Subst ( [ —Y2.V¢

B ﬁus(f_c_ﬁ\/c_x_x2mx ccot(a + bx) _\/Eus f—c+\/§\ﬁ

T V2 b

B ﬁlog(ﬁ+ﬁcot(a+bx)—ﬁm>+\/Elog<\/5+\/5(
o 2v/2'b

V2'b - V2'b

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
3 in optimal.
time = 0.05, size = 40, normalized size = 0.21

2(ccot(a—i—bac))3/2 oF1 (3,1, % — cot?(a + bz))
3bc

Antiderivative was successfully verified.

[In] Integrate[Sqrt[c*Cotl[a + b*x]],x]
[Out] (-2*%(c*Cot[a + b*x])~(3/2)*Hypergeometric2F1[3/4, 1, 7/4, -Cot[a + bx*x]~2])
/ (3*bxc)

Maple [A]
time = 0.39, size = 136, normalized size = 0.71

method result

c\/? (ln <C00t(bz+a) (62)2} ¢ COt (bx + a) ﬁ+ﬁ ) +2arctan ( \/7 ¢ COt 1(b.’IJ + a) +1> -
ccot(bz+u)+ 62 4 \/C COt (b.’L‘ + a) \/54—\/6_2‘ (02)Z

derivativedivides | —

ab(c2) T
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NG ( <ccot(bz+a)_(c2)zlf\/ccot (bz +a) V2 +Vc? ) (\/E Veeot (bz +a)
c In i - +2arctan T +1
ccoi:(b:l:-&-a.)-}—(1:2)Z \/C COt (bCL‘ + a) ﬁ+ V 02 (cz)Z Y,

default — T
4b(c?)4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*cot(b*x+a))~(1/2),x,method=_RETURNVERBOSE)

[Out] -1/4/b*c/(c”2)"(1/4)*2~(1/2) *(In((c*xcot (b*x+a)-(c~2) ~(1/4)* (c*xcot (b*x+a)) ~(
1/2)%27(1/2)+(c"2)~(1/2)) / (c*cot (b*x+a)+(c~2) " (1/4) * (cxcot (b*x+a) ) ~(1/2) *2~
(1/2)+(c™2)"(1/2)))+2*arctan(2”(1/2)/(c"2) " (1/4) *(c*cot (bxx+a) ) "~ (1/2)+1)-2*
arctan(-27(1/2)/(c"2) " (1/4)*(c*cot (b*x+a)) ~(1/2)+1))

Maxima [A]
time = 0.51, size = 165, normalized size = 0.86

W [”(”m)] e [ V(2 femtara)
2/c 2 c

c ve e os - e
. ¥ _ ﬁl°g<ﬁﬁ tan (bz + a) ++“”‘(T*“7) +ﬁlg( ﬁﬁ tan (bz + a) ++m>
NG c NG c

4b
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(1/2),x, algorithm="maxima")

[Out] -1/4%c*(2*sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(c) + 2*sqrt(c/tan(b*x +
a)))/sqrt(c))/sqrt(c) + 2xsqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c) - 2x
sqrt(c/tan(b*x + a)))/sqrt(c))/sqrt(c) - sqrt(2)*log(sqrt(2)*sqrt(c)*sqrt(c
/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c) + sqrt(2)*log(-sqrt(2)*sqrt(c)
xsqrt(c/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c))/b

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(1/2),x, algorithm="fricas")
[Out] Exception raised: TypeError >> Error detected within library code: catde

f: division by zero

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

[ Veeota+ta) ds
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxcot(b*x+a))**(1/2),x)
[Out] Integral(sqrt(c*cot(a + b*x)), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(cxcot(b*x + a)), x)
Mupad [B]

time = 0.25, size = 50, normalized size = 0.26

R G e ) B G Veoot(athe) ))

b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*cot(a + b*x))~(1/2),x)

[Out] -((-1)7(1/4)*c~(1/2)*(atan(((-1)~(1/4) *(c*cot(a + b*x))~(1/2))/c~(1/2)) - a
tanh(((-1)~(1/4)*(c*cot(a + b*x))~(1/2))/c~(1/2))))/b
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/ \/ccot(la + bx) 4

Optimal. Leaf size=192

3.13

ArcTan(l — V2 y cci(}’%(a—i—bx) ) ArcTan(l—i— V2 ci(}i—(a—i_bx) ) log (\/E + V¢ cot(a + bz) —
V2 by/c - V2'by/c i 2v/2 b/

[Out] 1/2*arctan(1-2"(1/2)*(c*cot(b*x+a))~(1/2)/c~(1/2))/b%2~(1/2)/c”~(1/2)-1/2*ar
ctan(1+27(1/2) *(cxcot (b*x+a)) ~(1/2)/c~(1/2)) /b*x2~(1/2) /c~(1/2)+1/4*1n(c~(1/
2)+cot (b*xx+a)*c~(1/2)-2"(1/2) *(c*cot (bxx+a)) ~(1/2)) /b*27(1/2) /c~(1/2)-1/4%1
n(c”(1/2)+cot (b*x+a)*c~(1/2)+27(1/2) *(c*cot (bxx+a)) ~(1/2)) /b*2~(1/2) /c~(1/2

)

Rubi [A]
time = 0.08, antiderivative size = 192, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.667,

steps used = 11, number of rules used = 8, integrand size = 12
Rules used = {3557, 335, 217, 1179, 642, 1176, 631, 210}

ATCTa“(l - W) ArcTan(W + 1) log <\/E cot(a + bx) — V2 \/ccot(a + bz) + \/E> log (\/E cot(a + bz) + V2 /ccot(a + bz) + \/E)
Vabe - V2 b/e * 22 b/e - 22 by/e

Antiderivative was successfully verified.
[In] Int[1/Sqrtlc*Cotl[a + b*x]],x]

[Out] ArcTan[1 - (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl]/(Sqrt[2]*b*Sqrtlc]) - Ar
cTan[1 + (Sqrt[2]*Sqrt[cxCot[a + bxx]])/Sqrtlcl]/(Sqrt[2]*bxSqrt[c]) + Logl
Sqrt[c] + Sqrtlc]l*Cot[a + b*x] - Sqrt[2]*Sqrt[c*Cot[a + b*x]]]/(2*Sqrt[2]*b
*Sqrt[c]) - Logl[Sqrt[c] + Sqrt[c]l*Cotl[a + b*x] + Sqrt[2]*Sqrt[c*Cot[a + b*x

111/ (2xSqrt [2] *bxSqrt [c])

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 217

Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
], s = Denominator[Rt[a/b, 2]1}, Dist[1/(2*xr), Int[(r - s*x~2)/(a + b*xx"4),
x], x] + Dist[1/(2*r), Int[(r + s*x"2)/(a + b*x~4), x], x1] /; FreeQ[{a, b
}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &&
AtomQ[SplitProduct [SumBaseQ, bl]))
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Rule 335

Int[((c_.)*(x_))"(m )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
))7p, x1, x, (cxx)"(1/k)], x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642
Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S

imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 1176

Int[((d)) + (e_.)*(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2*%c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - a*e™2, 0] && PosQ[dxe]

Rule 1179

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],

x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQlcxd~2 - a*e”2, 0] && NegQ[dxe]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps
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cSubst (f m dz,z,ccot(a + bz))

/ 1
dr = —
v ccot(a + bx) b

(2¢)Subst (f —+ dz, T, \/ccot(a + bx) )

. 24zt
= — ; |
Subst <f c‘;ji; dz,z,\/ccot(a + br) > Subst (f C‘;Jfﬁ; dz,z, \/ccot(a + bx) |
- b N b
Subst (f ———1—dx,z, \/ccot(a + bx) ) Subst (f — 1 dx
c—\/g \/Ez-l—:cz _ c+\/§ \/Ez—l—:cz
2b 2b

B log <\/E + /¢ cot(a + bx) — V2 \/ccot(a + bx) > log <\/E + /¢ cot(a+b
B 22 by/C - 2v/2

) o (1_ ﬁ\/c%a+bz) > e (1+ ﬁ\/c%a+bx) ) Lo (

V2 by/c V2'by/c

Mathematica [A]
time = 0.10, size = 131, normalized size = 0.68

V/cot(a + bx) (2ArcTan(1 — V2 \/cot(a + bz) ) - 2ArcTan(1 + V2 y/cot(a + bx) ) +log (1 — V2 \/cot(a+bz) + cot(a + bz)) —log (1 + V2 /cot(a + bz) + cot(a + b:c)))
2v/2'b+/ccot(a + bz)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrtl[c*Cotl[a + b*x]],x]

[Out] (Sqrt[Cot[a + b*x]]*(2*xArcTan[1 - Sqrt[2]*Sqrt[Cot[a + b*x]]] - 2*ArcTan[1
+ Sqrt[2]*Sqrt[Cot[a + b*x]]] + Log[l - Sqrt[2]*Sqrt[Cot[a + b*x]] + Cot[a

+ b*x]] - Logl[l + Sqrt[2]*Sqrt[Cot[a + bxx]] + Cot[a + b*x]]))/(2xSqrt[2]*b
*xSqrt [cxCot [a + b*x]])

Maple [A]
time = 0.29, size = 138, normalized size = 0.72

method result

@)ivZ <ln (ccot(bw+a)+(c2) Veeot (bz + a) V2 Ve ) 2 arctan < V2 \/ccot (bz + a)
_ ccot(bz+a)—(02) \/C cot (b-’L‘ + a/)‘ ﬂ‘Fﬁ (02)%

derivativedivides 4be

[N N
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1 ( <ccoc(bz+a>+(c2)%ﬂ\/ccot (bx +a) V2 +Vc? ) <\/§ Vv ccot (b + a)
(c?)4 \/5 In I ‘ +2arctan I -
z:co1:(bz-f—a)—(c2)Z \/C COt (b:L‘ + a) ﬁ+ V 02 (62)Z

default — Tho

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*cot(b*x+a))~(1/2),x,method=_RETURNVERBOSE)

[Out] -1/4/b/cx(c”2)~(1/4)*2~(1/2)*(In((c*cot (b*x+a)+(c~2) ~(1/4)*(c*cot (bxx+a) ) ~(
1/2)*2°(1/2)+(c"2)~(1/2)) / (c*xcot (bxx+a)-(c~2) ~(1/4) * (c*cot (b*x+a) ) ~(1/2)*x2~
(1/2)+(c™2)~(1/2)))+2*xarctan(2°(1/2) /(c™2) " (1/4) *(cxcot (b*x+a)) ~(1/2)+1) -2%
arctan(-27(1/2)/(c"2) " (1/4)*(c*cot (b*xx+a)) ~(1/2)+1))

Maxima [A]
time = 0.51, size = 165, normalized size = 0.86

e [”(”m)] f[ V(e g )
e e ﬁ(ﬁf
¢ 3 + . +

c
+c+,anu:,+n)) V2 1og (7\/5\/3 ) +c+m>

c
tan (bz + a) an (bz +a
T
B

ez

4b
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(1/2),x, algorithm="maxima")

[Out] -1/4%c*(2*sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(c) + 2*xsqrt(c/tan(b*x +
a)))/sqrt(c))/c~(3/2) + 2*sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c) - 2%
sqrt(c/tan(b*x + a)))/sqrt(c))/c~(3/2) + sqrt(2)*log(sqrt(2)*sqrt(c)*sqrt(c
/tan(b*x + a)) + c + c/tan(b*x + a))/c”(3/2) - sqrt(2)*log(-sqrt(2)*sqrt(c)
*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a))/c”(3/2))/b

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(1/2),x, algorithm="fricas")
[Out] Exception raised: TypeError >> Error detected within library code: catde

f: division by zero

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

| 7=
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))**(1/2),x)
[Out] Integral(1l/sqrt(cxcot(a + b*x)), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(1/2),x, algorithm="giac")
[Out] integrate(1/sqrt(c*cot(b*x + a)), x)

Mupad [B]
time = 0.34, size = 57, normalized size = 0.30

-4 y/ccot (a + bx) . 1/4 (-1*y/ccot (a + bx) :
-1 1/4atan<( L €co ) 1i -1 atanh( 1i
by/c by/c

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*cot(a + b*x))~(1/2),x)
[Out] ((-1)~(1/4)*atan(((-1)~(1/4)*(c*xcot(a + b*x))~(1/2))/c~(1/2))*1i)/(bxc~(1/2
)) + ((-1)"(1/4)*atanh(((-1)"(1/4)*(cxcot(a + b*x))~(1/2))/c~(1/2))*1i)/ (b*

c~(1/2))
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1
f (ccot(a+bx))3/2 dz

Optimal. Leaf size=212

3.14

V2 \/ccot(a + bx) V2 \/ccot(a + bx)
ArcTan (1 — Ve N ArcTan( 1+ Ve N 5 N log ( Ve
V2 be3/? V2 b3/ bey/ccot(a + bx)

[Out] -1/2*arctan(1-2"(1/2)*(cxcot(b*x+a))~(1/2)/c~(1/2))/b/c”(3/2)*2~(1/2)+1/2*a
rctan(1+27(1/2) *(cxcot (b*x+a))~(1/2)/c~(1/2))/b/c~(3/2)*2~(1/2)+1/4*x1n(c~ (1
/2)+cot (b*x+a)*c~(1/2)-2"(1/2) *(c*cot (bxx+a)) ~(1/2))/b/c”(3/2)*2~(1/2)-1/4x%
In(c”™(1/2)+cot (b*xx+a) *c~(1/2)+27(1/2) *(c*cot (b*x+a)) ~(1/2))/b/c~(3/2) %2~ (1/
2)+2/b/c/ (c*cot (bxx+a)) ~(1/2)

Rubi [A]
time = 0.10, antiderivative size = 212, normalized size of antiderivative = 1.00, number of

number of rules _ 75
' integrand size ’

steps used = 12, number of rules used = 9, integrand size = 12
Rules used = {3555, 3557, 335, 303, 1176, 631, 210, 1179, 642}

ArcTan(l - ‘/57 W) ArcTan(ﬁi vcc\c/)tz(aerz) + 1) log <\/E cot(a + bz) — V2 /ccot(a + bz) + \/2) log (\/Z cot(a + bz) + v2'y/ccot(a + bz) + \/E) 9
V2 bl + V2 b2 * 22 b3/ - 22 b3/ H hevecot@r ba)

Antiderivative was successfully verified.
[In] Int[(c*Cot[a + b*x])~(-3/2),x]

[Out] -(ArcTan[1 - (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl]/(Sqrt[2]*b*c~(3/2))) +
ArcTan[1 + (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrt[cl]/(Sqrt[2]*b*c~(3/2)) + 2

/ (bxcxSqrt [c*Cot[a + b*x]]) + Logl[Sqrt[c] + Sqrt[cl*Cot[a + b*x] - Sqrt[2]=*

Sqrt [cxCot[a + b*x]]]/(2%Sqrt[2]*b*c~(3/2)) - Logl[Sqrtlc] + Sqrt[c]l*Cot[a +
bxx] + Sqrt[2]*Sqrt[cxCot[a + bxx]]1]/(2*Sqrt[2]*b*c~(3/2))

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQl[a, 0] [l LtQ[b, 0])

Rule 303

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/D,

2]], s = Denominator[Rt[a/b, 2]1}, Dist[1/(2*s), Int[(r + s*x~2)/(a + b*xx"4
), x], x] - Dist[1/(2%s), Int[(r - s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct[SumBaseQ, bl]))

Rule 335
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Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
))7p, x1, x, (c*xx)~(1/k)]1, x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 1176

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2*c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - axe”2, 0] && PosQ[dxe]

Rule 1179

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],

x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d~2 - a*e™2, 0] && NegQ[d*el

Rule 3555

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(b*Tan[c + d*x]
)>(n + 1)/(bxd*x(n + 1)), x] - Dist[1/b~2, Int[(b*Tan[c + d*x])~(n + 2), x],
x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps
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1 _ 2 [ V/ccot(a+bz) dz
2

dr =
(ccot(a + bz))3/2 bey/ccot(a + bx)
0 Subst <f }{; dz, z,ccot(a + bac))
= +
bcy/ccot(a + bx) be
B 9 +2Subst<f o -2 dz, z, \/ccot(a + bx) )
bcy/ ccot(a + bx) be
B 9 Subst (f c§+”;4 dz,z, \/ccot(a + bx) > . Subst (f c‘;ﬁ; dz,
ccot(a + bx) be
0 Subst ( Ik _01/32—\/\6;53%2 dz,z, \/ccot(a + bz) ) Subst(
= + +
bey/ccot(a + bx) 2v/2 b3/
9 log (\/E + /< cot(a + bz) — V2 \/ccot(a + bx) ) log |

+
bcy/ccot(a + br) 2v/2 bc3/?
tan-1 (1 _ \/Ex/cci(}'i(a+bw) > tan—1 <1+ ﬁ\/c%a+bx) )
c c
=— + +
V2 b3/ V2 b3/ bey/

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
3 in optimal.
time = 0.07, size = 38, normalized size = 0.18

2,F1(—1,1;3; — cot?(a + bz))

bcy/ccot(a + bx)

Antiderivative was successfully verified.

[In] Integrate[(cxCotl[a + bxx])~(-3/2),x]

[Out] (2+Hypergeometric2F1[-1/4, 1, 3/4, -Cot[a + b*x]~2])/(b*c*Sqrt[cxCot[a + b*
x]1)

Maple [A]

time = 0.28, size = 157, normalized size = 0.74

’ method ‘ result
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N

\/5 ( (ccot(b:cJ—a)—(c2>i ccot (b.’II + Cb) \/E-Q— V C2 ) (\/? \/ ccot (b.’l) + a)
In 1 ] +2arctan T +
ccol:(b:::-}—a.)-}—(cz)Z \/C cot (bCL‘ + a) \/E-ﬁ- VC (62)Z

2c| —

8c2 (02) 211

derivativedivides | —
\/5 (ln (ccot(bx+a) (62)% CCOt (b$ + a/) ﬁ+ V CQ )+2 arctan ( f /CCOt (bx + a +
ol ccot(be-ra)+(c % Vecot (br +a) V2 1V 2 %
¢ 8c2 (62)%
default - 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*cot(b*x+a))~(3/2),x,method=_RETURNVERBOSE)

[Out] -2/b*c*(-1/8/c"2/(c"2)~(1/4)*2"(1/2)*(In((c*cot (b*x+a)-(c~2)~(1/4) *(cxcot (b
*x+a)) " (1/2)*27(1/2)+(c"2)~(1/2)) / (c*xcot (b*xx+a)+(c~2) " (1/4) * (cxcot (b*x+a) )~
(1/2)*27(1/2)+(c”2)"(1/2)))+2*xarctan(2~(1/2) /(c~2)~(1/4) * (c*cot (b*xx+a) ) ~(1/
2)+1)-2xarctan(-27(1/2)/(c~2)~(1/4) *(c*xcot (b*x+a)) ~(1/2)+1))-1/c~2/(c*cot (b
xx+a))~(1/2))

Maxima [A]

time = 0.50, size = 187, normalized size = 0.88

tn(b )]
“/;a z+a ]ﬁ,g(ﬁf W ﬁb_s) V2 (\Ff mmmj

c NG n

8

= c T
@ —

\/tan (bz + a)

e

o 2V wrtan

V2 wretan

{f(fr [ VE(VE Ve

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(3/2),x, algorithm="maxima")

[Out] 1/4*cx((2*sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(c) + 2*sqrt(c/tan(b*x +
a)))/sqrt(c))/sqrt(c) + 2*sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c) - 2%
sqrt(c/tan(b*x + a)))/sqrt(c))/sqrt(c) - sqrt(2)*log(sqrt(2)*sqrt(c)*sqrt(c
/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c) + sqrt(2)*log(-sqrt(2)*sqrt(c)
xsqrt(c/tan(b*x + a)) + ¢ + c/tan(b*x + a))/sqrt(c))/c”2 + 8/(c"2*sqrt(c/ta
n(b*x + a))))/b

Fricas [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(1/(c*cot(b*x+a))~(3/2),x, algorithm="fricas")

[Out] Exception raised: TypeError >> Error detected within library code: catde

f: division by zero

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 1
- dx
(ccot (a + bx))?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))**(3/2),x)
[Out] Integral((c*cot(a + b*x))**x(-3/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(3/2),x, algorithm="giac")
[Out] integrate((cxcot(b*x + a))~(-3/2), x)

Mupad [B]
time = 0.36, size = 76, normalized size = 0.36

/4 (-1 y/ccot (a + bx) _\1/4 (-1*+/ccot (a + bx)
(-1 atan( e (—=1)7" atanh /e
- bc3/2

2
bcy/ccot (a+ bx)

bc3/?
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*cot(a + b*x))~(3/2),x)
[Out] 2/(bxcx(cxcot(a + b*x))~(1/2)) + ((-1)~(1/4)*atan(((-1)"(1/4)*(c*xcot(a + b*
x))~(1/2))/c”(1/2)))/(b*c~(3/2)) - ((-1)~(1/4)*atanh(((-1)"(1/4)*(cxcot(a +

b*x))~(1/2))/c~(1/2)))/ (b*c~(3/2))



95

1
f (ccot(a+bzx))5/2 dz

Optimal. Leaf size=214

3.15

V2" \/ccot(a + bx) V2 y/ccot(a + bx)
_ArcTan <1 — e +ArcTan 1+ NG . 9 _log (
V2 be5/2 V2 beb/? 3bc(ccot(a + bx))3/?

[Out] 2/3/b/c/(c*xcot (b*xx+a))~(3/2)-1/2*arctan(1-2"(1/2)*(cxcot (bxx+a)) ~(1/2)/c~ (1
/2))/b/c”(5/2)*2~(1/2)+1/2*xarctan(1+2~(1/2) *(c*cot (b*x+a)) ~(1/2)/c~(1/2)) /b
/c™(56/2)%27(1/2)-1/4*1n(c” (1/2)+cot (b*x+a) *c~(1/2)-2"(1/2) *(c*cot (b*x+a) ) ~(
1/2))/v/c”(5/2)*%2~(1/2)+1/4%1n(c” (1/2) +cot (b*x+a) *c~ (1/2)+27(1/2) * (c*cot (b*
x+a))~(1/2))/v/c~(5/2)*2~(1/2)

Rubi [A]
time = 0.10, antiderivative size = 214, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.750,

steps used = 12, number of rules used = 9, integrand size = 12
Rules used = {3555, 3557, 335, 217, 1179, 642, 1176, 631, 210}

ArcTan(l—‘/T“”\/%(“"")) ArcTan(ﬁV”j%(“b”H) log (VE cot(a+ b) ~ VE \/eootla ¥ 2] + V&) log (V& cot(a+ ba) + VE Veota F ) + vE ) y
- + +

N * N PN Wb Shelccot(a + bz))2

Antiderivative was successfully verified.
[In] Int[(cxCotl[a + b*x])~(-5/2),x]

[Out] -(ArcTan[1 - (Sqrt[2]*Sqrt[c*Cot[a + b*x]])/Sqrtlcl]/(Sqrt[2]*b*c~(5/2))) +
ArcTan[1 + (Sqrt[2]*Sqrt[c*Cot[a + b*x]]1)/Sqrtlcl]l/(Sqrt[2]*b*c~(5/2)) + 2

/ (3xbxc*x (cxCot[a + bxx])~(3/2)) - Logl[Sqrtlc] + Sqrtl[c]*Cot[a + b*x] - Sqrt

[2]*Sqrt [c*Cot [a + b*x]]]/(2%Sqrt[2]*bxc~(5/2)) + Logl[Sqrt[c] + Sqrt[c]*Cot

[a + bxx] + Sqrt[2]*Sqrt[cxCotl[a + b*x]]]/(2*Sqrt[2]*b*c~(5/2))

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 217

Int[((a)) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
1, s = Denominator[Rt[a/b, 2]]}, Dist[1/(2*r), Int[(r - s*x~2)/(a + b*x"4),
x], x] + Dist[1/(2*r), Int[(r + s*x"2)/(a + b*x~4), x], x]] /; FreeQ[{a, b
}, x] & (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &&
AtomQ[SplitProduct [SumBaseQ, bl]))

Rule 335
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Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
D7p, x1, x, (c*xx)~(1/k)]1, x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 1176

Int[((d)) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2%c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - a*e”2, 0] && PosQ[dxe]

Rule 1179

Int[((d)) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],

x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d~2 - a*e™2, 0] && NegQ[d*el

Rule 3555

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(b*Tan[c + d*x]
)>(n + 1)/(bxd*x(n + 1)), x] - Dist[1/b~2, Int[(b*Tan[c + d*x])~(n + 2), x],
x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps
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1

/ 1 2 / Vccot(a + bx)
(ccot(a

dz

+ bx))/2 do = 3bc(ccot(a + bx))3/2 2

5 Subst (f m dz,z,ccot(a + bz)>
" 3be(ccot(a + bx))3/2 * be

9 2Subst (f o dz, g, \/W)
™ 3be(ccot(a + bx))3/2 + be

9 Subst(f (;jr—”;dx,x, \/m> Subst(f c%ﬁ;
™ 3be(ccot(a + bx))3/2 * bc? +

5 Subst (f _c_\/\;?\/jcjj:z dz,z, \/ccot(a + bx) ) ) T

~ 3bc(ccot(a + bz))3/2 24/2 bc5/2
9 log<\/g+\/gcot(a+bx)—\/§\/m> ]
" 3be(ccot(a + bx))32 2/2 bes/2 Tt
it (s VEVEGTED) e y, YEVEE 50
Ve Ve

T V2 be3/2 * V2 be3/2 3be

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order

3 in optimal.
time = 0.08, size = 40, normalized size = 0.19

2,F1(—2,1; 1; — cot?(a + bz))
3bc(ccot(a + bx))3/2

Antiderivative was successfully verified.

[In] Integrate[(c*Cot[a + b*x])~(-5/2),x]
[Out] (2+Hypergeometric2F1[-3/4, 1, 1/4, -Cot[a + b*x]~2])/(3*b*cx(c*Cot[a + Db*x]
)~(3/2))

Maple [A]
time = 0.28, size = 157, normalized size = 0.73

’ method ‘ result
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B e

N

(62)% \/5 (ln(ccot(bw+a)+(02) CCOt (b.’l) + a)‘ \/5+\/c_2‘)+23rctan( \/? \/ CCOt (b.’IZ + a
ccot(bz+a)—(02) \/C COt (b.’l: + a) \/5-‘-\/;

2c| — sl

derivativedivides | — 5
() iv2 (ln(ccot(bx+a)+(cz)zli ccot (bz + a) V2 +Vc? )Hmm(ﬁ Vecot (br +a
9 ccot(bz+a)—(c2)% \/C COt (b.’E + a) ‘ 2 +V 02 (02)%
o 8ct

default — 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*cot(b*x+a))~(5/2),x,method=_RETURNVERBOSE)

[Out] -2/b*xc*x(-1/8/c”4*x(c"2)~(1/4)*2~(1/2)*(In((c*cot (b*x+a)+(c~2)~(1/4) *(cxcot (b
*x+a)) " (1/2) %27 (1/2)+(c"2)~(1/2)) / (c*cot (b*x+a) -(c~2) ~(1/4) * (c*cot (b*x+a) )~
(1/2)%27(1/2)+(c"2)~(1/2)))+2*xarctan(2°(1/2)/(c~2) ~(1/4) * (cxcot (b*x+a) ) ~(1/
2)+1)-2*xarctan(-2"(1/2)/(c"2) " (1/4) *(c*xcot (b*x+a))~(1/2)+1))-1/3/c"2/ (c*cot
(b*x+a))~(3/2))

Maxima [A]

time = 0.52, size = 188, normalized size = 0.88

V(| i )

SV s a J VI VIVE [y vt | Vi VIR [ e

rrrrrrr

2¢/c

{ﬁww”mLM

12b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(5/2),x, algorithm="maxima")

[Out] 1/12%c*(3%(2xsqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(c) + 2*sqrt(c/tan(b*x
+ a)))/sqrt(c))/c”(3/2) + 2*sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c) -
2xsqrt(c/tan(b*x + a)))/sqrt(c))/c~(3/2) + sqrt(2)*log(sqrt(2)*sqrt(c)*sqr
t(c/tan(b*x + a)) + c + c/tan(b*x + a))/c”(3/2) - sqrt(2)*log(-sqrt(2)*sqrt
(c)*sqrt(c/tan(b*x + a)) + c + c/tan(b*x + a))/c~(3/2))/c”2 + 8/(c"2x(c/tan

(b*xx + a))~(3/2))) /b

Fricas [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(5/2),x, algorithm="fricas")
[Out] Exception raised: TypeError >> Error detected within library code: catde

f: division by zero

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

1
/ =dx
(ccot (a + bx))?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))**(5/2),x)
[Out] Integral((c*cot(a + b*x))*x(-5/2), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(5/2),x, algorithm="giac")
[Out] integrate((cxcot(b*x + a))~(-5/2), x)

Mupad [B]

time = 0.62, size = 77, normalized size = 0.36

ccot (a+bx) ) 1 (—1)1/4atanh<(1)1/4’/CCOt (a+bz) ) 1

NG
bcd/2

(1 aan 2

bcd/2

2 c

3be(ceot (a+ bz))*? -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*cot(a + b*x))~(5/2),x%)

[Out] 2/(3*b*c*(cxcot(a + b*x))~(3/2)) - ((-1)~(1/4)*atan(((-1)~(1/4)*(c*cot(a +
b*x))~(1/2))/c”(1/2))*1i) /(bxc~(5/2)) - ((-1)~(1/4)*atanh(((-1)~(1/4)*(c*co

t(a + b*x))~(1/2))/c~(1/2))*1i) /(bxc~(5/2))
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L d
i
f (ccot(a+bx))7/2
Optimal. Leaf size=234
ArcTan<1— V2 Y C(%a+bx) ) ArcTan<1—|— V2 v cic/)%(a—}-bx) ) 5
V2 b/ B V2 bcT/2 +5bc(c cot(a+bz))2 b3\ /eo

3.16

[Out] 2/5/b/c/(c*xcot (b*xx+a))~(5/2)+1/2*xarctan(1-2"(1/2)*(cxcot (bxx+a)) ~(1/2)/c~ (1
/2))/b/c”(7/2)%2~(1/2)-1/2*arctan(1+2~(1/2) *(c*cot (b*x+a)) ~(1/2) /c~(1/2)) /b
/c™(7/2)*27(1/2)-1/4*1n(c” (1/2) +cot (b*x+a)*c~ (1/2)-2"(1/2) * (c*cot (b*x+a)) ~(
1/2))/v/c™(7/2)*%2~(1/2)+1/4%1n(c” (1/2) +cot (b*x+a) *c~ (1/2)+27 (1/2) * (c*cot (b*
x+a))~(1/2))/b/c~(7/2)*2~(1/2)-2/b/c~3/ (c*cot (b*x+a) ) ~(1/2)

Rubi [A]
time = 0.12, antiderivative size = 234, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.750,

steps used = 13, number of rules used = 9, integrand size = 12
Rules used = {3555, 3557, 335, 303, 1176, 631, 210, 1179, 642}

S
ArcTan(l _ W) ArcTan(ﬁi \/“\%ﬁ(““) + 1> ~ log (\/: cot(a +bz) — V2 \/ecot(a + ba) + \/5) N log <\/T cot(a +ba) + V2 y/ccot(a + ba) + \/?) - 9 9

- + = =
V2'belr2 V2'be/? 2/2'be’/? 2v/2'bc’/2 be*\/ccot(a+bz)  Bbe(ceot(a + bz))*/2

Antiderivative was successfully verified.
[In] Int[(c*Cot[a + b*x])~(-7/2),x]

[Out] ArcTan[1 - (Sqrt[2]*Sqrt[cxCot[a + bxx]])/Sqrtlcl]/(Sqrt[2]*bxc~(7/2)) - Ar
cTan[1 + (Sqrt[2]*Sqrt[cxCot[a + bxx]])/Sqrtlcl]/(Sqrt[2]*bxc~(7/2)) + 2/(5

xbxc* (cxCot [a + bxx])~(5/2)) - 2/(b*c~3xSqrt[c*Cot[a + b*x]]) - LoglSqrtl[c]

+ Sqrtlcl*Cot[a + b*x] - Sqrt[2]*Sqrt[c*Cot[a + b*x]]1]/(2%Sqrt [2]*b*xc~(7/2

)) + Logl[Sqrt[c] + Sqrtl[c]l*Cot[a + b*x] + Sqrt[2]*Sqrt[c*Cot[a + bxx]]]/ (2%

Sqrt [2]*bxc~(7/2))

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 303

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/b,

2]], s = Denominator[Rt[a/b, 2]1}, Dist[1/(2*s), Int[(r + s*x~2)/(a + b*xx"4
), x], x] - Dist[1/(2%s), Int[(r - s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct[SumBaseQ, bl]))
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Rule 335

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
))7p, x1, x, (cxx)"(1/k)], x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4x*axc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xcxd - bxe, 0]

Rule 1176

Int[((d)) + (e_.)*(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2*%c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - a*e™2, 0] && PosQ[dxe]

Rule 1179

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],

x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQlcxd~2 - a*e”2, 0] && NegQ[dxe]

Rule 3555

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(b*Tan[c + d*x]
)"(m + 1)/(bxd*(n + 1)), x] - Dist[1/b~2, Int[(b*Tan[c + d*x])~(n + 2), x],
x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]
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Rubi steps

dzx

/ : dr = 2 _ J oty
(ccot(a+ bx))7/? 5bc(ccot(a + bx))5/2 c?

2 2 [ V/ccot(a+bz) dz
- =

~ Bbe(ccot(a+bx))¥2 o3 /ccot(a + b)

Subst (f el dz,z,ccot(a + bx)j

2 2 +a?
~ Bbe(ccot(a + bx))5/? b3 ccot(a + bx) - bc?
9 9 2Subst (f CZ”j_—Z‘l dz,z,\/ccot(a+b
B Bbe(ccot(a +bx))>2  pes ccot(a + bx) - b
9 9 Subst( (;%:r_x;t dx,z, \/ccot(a + bx
N 5bc(ccot(a + bx))>/2 b3 ccot(a + bx) * bc?
\/5\/84—21‘
. 5 ) 5 ) Subst (f oV e dz, z, \/«
5be(ccot(a +0z))*2 b3\ /ccot(a + bx) 2v/2 bc/?
9 9 log (ﬁ + /¢ cot(a + bx) — V2
" 5be(ccot(a + bz))P2 b3 ccot(a + bx) - 2v/2 bcT/2
tan-1 (1 — V2 \/ccot(a + bx) tan—1 (14 V2 \/ccot(a + bx)
_ Ve B N N
- V2 be/? V2 be™/2 5bc(c

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
3 in optimal.
time = 0.11, size = 40, normalized size = 0.17

2,F1(—2,1;—1; —cot?(a + b))
5bc(c cot(a + bx))>/2

Antiderivative was successfully verified.

[In] Integrate[(c*Cot[a + b*x])~(-7/2),x]

[Out] (2+Hypergeometric2F1[-5/4, 1, -1/4, -Cot[a + b*x]~2])/(5xb*c*(c*Cot[a + b*x
1)°(5/2))

Maple [A]
time = 0.24, size = 171, normalized size = 0.73
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method result

=

\/5‘ (1 (ccot(ba:+a) (c2) CCOt (b.’I? + ) \/5-#—\/;
- 1
ccot(ba-a)+(c2) 1 \/ccot br +a) V2 iV

2c| — L

+ : +
= T
5¢2(ccot(bz+a))2 4 \/C cot (bw + a/)

derivativedivides | — 5
\/5‘ (ln ccot(bz+a)— (c2)i \/ C COt (b.’E + ) \/§+\/;
2| — 1 " 1 n ccot(b:c+a)+ 62 % \/C COt b.'L' + a) \/7+\/i
5¢2(c cot(bz+a))% A \/C cot (b:l: + a) ‘
default — T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*cot(b*x+a))~(7/2),x,method=_RETURNVERBOSE)

[Out] -2/b*c*(-1/5/c”2/(c*cot (b*xx+a))~(5/2)+1/c"4/ (cxcot (b*x+a))~(1/2)+1/8/c"4/(c
~2)"(1/4) %27 (1/2) *(In((c*xcot (b*xx+a)-(c~2) " (1/4) * (cxcot (b*x+a) ) ~(1/2) %2~ (1/2
)+(c™2)~(1/2))/ (c*xcot (b*x+a)+(c~2) ~(1/4)*(c*xcot (b*x+a) ) ~(1/2)*2~(1/2)+(c"2)
~(1/2)))+2*xarctan(27(1/2)/(c”2) ~(1/4)*(c*cot (b*xx+a) )~ (1/2)+1) -2*arctan (-2~ (
1/2)/(c™2)~(1/4) *(c*xcot (b*x+a))~(1/2)+1)))

Maxima [A]
time = 0.51, size = 205, normalized size = 0.88

VT s { [ff \/tan bz+a)]J VT e { f(ff \/ tan ( bz+a)]
B -

Ve Ve

o ) | i ]

200

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(7/2),x, algorithm="maxima")

[Out] -1/20*c*(5*(2*sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2)*sqrt(c) + 2*sqrt(c/tan(b*
x + a)))/sqrt(c))/sqrt(c) + 2*sqrt(2)*arctan(-1/2*sqrt(2)*(sqrt(2)*sqrt(c)

- 2xsqrt(c/tan(b*x + a)))/sqrt(c))/sqrt(c) - sqrt(2)*log(sqrt(2)*sqrt(c)*sq
rt(c/tan(b*x + a)) + c + c/tan(b*x + a))/sqrt(c) + sqrt(2)*log(-sqrt(2)*sqr
t(c)*sqrt(c/tan(b*x + a)) + ¢ + c/tan(b*x + a))/sqrt(c))/c”4 - 8x(c”™2 - b*c
~2/tan(b*x + a)~2)/(c”4*(c/tan(b*x + a))~(5/2)))/b
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Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(7/2),x, algorithm="fricas")

[Out] Exception raised: TypeError >> Error detected within library code: catde

f: division by zero

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

NI

1
/ dz
(ccot (a + bx))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*xcot(b*x+a))**(7/2),x)
[Out] Integral((c*cot(a + b*x))**(-7/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(7/2),x, algorithm="giac")

[Out] integrate((cxcot(b*x + a))~(-7/2), x)

Mupad [B]
time = 0.68, size = 91, normalized size = 0.39

ccot (a+ bx) > (—1)1/4atanh<(_1)1/4‘/CCOt (a+bx) )

Ve

(—1)1/4 abtam<(_l)l/4

bc7/2

2 2 cot(atbz)?
5c c _
b(ccot (a + bz))*/?

c

+ b C7/2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*xcot(a + b*x))~(7/2),x%)

[Out] (2/(5%c) - (2*xcot(a + b*x)~2)/c)/(bx(cxcot(a + b*x))~(5/2)) - ((-1)~(1/4)*a
tan(((-1)"(1/4)*x(cxcot(a + b*x))~(1/2))/c~(1/2)))/(bxc~(7/2)) + ((-1)~(1/4)
xatanh (((-1)~(1/4)*(c*xcot(a + b*x))~(1/2))/c”(1/2)))/(b*xc~(7/2))
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3.17 [(ccot(a + bx))*/3 dx

Optimal. Leaf size=242

3 3 3
A3 AreTan ccots(a + b) A3 ArcTan( /3 — 2V€ cog(a + bx) A3 AreTan( V3 + 2\/ccot3(a 4
Ve _ Jc N Je

b 2b 2b

[Out] c~(4/3)*arctan((c*cot(b*x+a))~(1/3)/c~(1/3))/b+1/2*c™(4/3)*arctan(2* (cxcot (
b*xx+a))~(1/3)/c~(1/3)-37(1/2)) /b+1/2*c” (4/3) *arctan (2* (cxcot (b*x+a))~(1/3)/
c~(1/3)+37(1/2)) /b-3*c*x(cxcot (b*x+a)) ~(1/3) /b-1/4*c~(4/3)*1n(c~(2/3)+(c*cot
(bxx+a))~(2/3)-c~(1/3)*(c*cot (b*x+a) )~ (1/3)*37(1/2))*37(1/2) /b+1/4*c~(4/3) *
In(c~(2/3)+(cxcot (b*x+a))~(2/3)+c~(1/3)*(c*cot (b*xx+a)) ~(1/3)*37(1/2))*3~(1/

2)/b

Rubi [A]

time = 0.25, antiderivative size = 242, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.750,

steps used = 13, number of rules used = 9, integrand size = 12
Rules used = {3554, 3557, 335, 215, 648, 632, 210, 642, 209}

,;*r"An:Tm(C ceot(a + br) ) (“”An:'r,m<\/§ — 2Vecot(a +b) ) r‘r"Arc,Tm(“‘/“"f(a*MJ + \/T) VE s
z a

log (—ﬂz/z {/ecot(a +bz) + (ceot(a+ ba))¥? + c‘lr"*> VB o log (VB Ve ecotlat ba) + (cootla+ ba)? + %) 300/coonta T ba)
. + + .
b % % B o b

Antiderivative was successfully verified.
[In] Int[(c*Cotl[a + b*x])~(4/3),x]

[Out] (c~(4/3)*ArcTan[(c*Cot[a + b*x])~(1/3)/c~(1/3)1)/b - (c~(4/3)*ArcTan[Sqrt[3
1 - (2%(c*Cot[a + b*x])~(1/3))/c™(1/3)1)/(2%b) + (c~(4/3)*ArcTan[Sqrt[3] +

(2% (cxCot[a + b*x])~(1/3))/c™(1/3)1)/(2%b) - (3*cx(cxCot[a + b*x])~(1/3))/b

- (Sqrt[3]1*c~(4/3)*Loglc~(2/3) - Sqrt[3]*c~(1/3)*(cxCot[a + bxx])~(1/3) +
(cxCot[a + bxx])~(2/3)1)/(4xb) + (Sqrt[3]*c~(4/3)*Loglc™(2/3) + Sqrt[3]*c~(
1/3)*(c*Cot[a + b*x])~(1/3) + (c*Cot[a + b*x])~(2/3)1)/(4*Db)

Rule 209

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0]1)

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] [l LtQ[b, 0]1)

Rule 215
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Int[((a)) + (b_.)*(x_)"(n_))"(-1), x_Symbol] :> Module[{r = Numerator[Rt[a/
b, nl], s = Denominator[Rt[a/b, nl], k, u, v}, Simp[u = Int[(r - s*Cos[(2*k
- 1)*x(Pi/n)]*x)/(r"2 - 2*xr*xs*xCos[(2*¥k - 1)*(Pi/n)]*x + s72%x72), x] + Int[
(r + s*Cos[(2xk - 1)*(Pi/n)]*x)/(xr"2 + 2*r*s*Cos[(2*k - 1)*(Pi/n)]*x + s72x%
x~2), x]; 2x(r~2/(a*n))*Int[1/(r"2 + s”2*x~2), x] + Dist[2*(r/(a*n)), Sum[u
, 1k, 1, (n - 2)/4}], x]1, x1] /; FreeQ[{a, b}, x] && IGtQ[(n - 2)/4, 0] &&
PosQ[a/bl

Rule 335

Int[((c_.)*(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x"(k*x(m + 1) - 1)*(a + b*x(x"(k*n)/c"n
))7p, x1, x, (c*x)~(1/k)]1, x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2xc*xx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*xe)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2*c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2*xc*xd - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*x((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]
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Rubi steps

/(C COt(a, + bx))4/3 dr = \/m 1 s

(ccot(a + bx))?/3
 3c{/ccot(a+ ba) N c Subst(fmdx,x,ccot(a+bz))

b b
3c{/ccot(a + bz) (3¢®) Subst <f =0 4z, 2, 3/ ccot(a + bx) )
= +
b b

9o _ V3
c*/3Subst (f 02/31/53% \e/%x—i-:ﬁ dz,z, v/ ccot(a + bx)

v/ ccot(a + br)

T b + > +

s ¢/coot(a+ ba) y B
B Cc tan™ < \3/; ~ 3C€/m ~ <\/3TC )Subst f02/3_
- b

ccot(a + bx)

e ( ) vty VElos (@8 = VE Y

= _ . B
3

/3 tan1 ( ccot3<a+bz ) o <%(3 /5 m))

_ a _ Je .

2b

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
3 in optimal.
time = 0.03, size = 38, normalized size = 0.16

3cy/ccot(a+bz) (=14 2Fi(3,1;%;— cot?(a+ bz)))

b

Antiderivative was successfully verified.

[In] Integrate[(c*Cot[a + b#*x])~(4/3),x]

[Out] (3*c*(cxCot[a + bxx])~(1/3)*(-1 + Hypergeometric2F1[1/6, 1, 7/6, -Cot[a + b
*x]1721)) /b

Maple [A]
time = 0.36, size = 216, normalized size = 0.89

] method \ result
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2 i 2(ccot(bz+a
. \/5 (cz)% n <(ccot(bm+a))%+\/§ (2) % (Ccot(bx+a))% +(c2) %) (¢?) 8 arctan (—f(ﬂ) 1
3c| (ccot(bz+a))3 — 5.2 + 62
derivativedivides
2 : 2(ccot(bz+a
L \/g‘ (62)% ln<(ccot(bm+a))%+\/3_‘ (02)%(ccot(bm+a))%+(c2)%> (C )6 arctan((CQ)%
3c| (ccot(bz+a))3 — PR + —
default —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*cot(b*x+a))~(4/3),x,method=_RETURNVERBOSE)

[Out] -3/b*xc*((cxcot(b*x+a))~(1/3)-(1/12/c~2*3"(1/2)*(c"2) ~(1/6)*1n((c*cot (b*x+a)
)~(2/3)+37(1/2)*(c™2)~(1/6) *(c*cot (bxx+a) ) ~(1/3)+(c"2)~(1/3))+1/6/c~2%(c"2)
~(1/6)*arctan(2*(c*xcot (b*xx+a))~(1/3)/(c~2)~(1/6)+37(1/2))+1/3/c~2%(c~2)~(1/
6)*arctan((c*cot (b*xx+a))~(1/3)/(c”2)~(1/6))-1/12/c"2*x3"(1/2)*(c"2)~(1/6) *1n
((cxcot (b*x+a))~(2/3)-37(1/2)*(c~2) " (1/6) *(c*cot (b*x+a)) ~(1/3)+(c”2)~(1/3))
+1/6/c”2x(c”2) " (1/6)*arctan (2* (cxcot (b*x+a))~(1/3)/(c"2)~(1/6)-3"(1/2))) *c~

2)

Maxima [A]

time = 0.53, size = 196, normalized size = 0.81

s ; s ; boa( e b da( e ) Y R
(«? g (VB el () ¢+ () ) — Ve o (VB! () 6+ (i) ) 2% vt (w) + 20k arctan <7ﬁ 2 i) ) + acharctan (%) 12 () )
4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(4/3),x, algorithm="maxima")

[Out] 1/4%(sqrt(3)*c~(1/3)*log(sqrt(3)*c~(1/3)*(c/tan(b*x + a))~(1/3) + c~(2/3)
(c/tan(b*x + a))~(2/3)) - sqrt(3)*c~(1/3)*1log(-sqrt(3)*c~(1/3)*(c/tan(b*x

+ a))~(1/3) + c~(2/3) + (c/tan(b*x + a))~(2/3)) + 2*c~(1/3)*arctan((sqrt(3)
*xc~(1/3) + 2x(c/tan(b*x + a))~(1/3))/c™(1/3)) + 2xc~(1/3)*arctan(-(sqrt(3)*
c~(1/3) - 2x(c/tan(b*x + a))~(1/3))/c~(1/3)) + 4xc~(1/3)*arctan((c/tan(b*x

+a))~(1/3)/c™(1/3)) - 12%(c/tan(b*x + a))~(1/3))*c/b

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

+

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(4/3),x, algorithm="fricas")
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[Out] Exception raised: TypeError >> Error detected within library code: catde

f: division by zero

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (ccot (a + bx))% dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxcot(b*x+a))**(4/3),x)
[Out] Integral((cxcot(a + bx*x))*x(4/3), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(4/3),x, algorithm="giac")
[Out] integrate((c*cot(b*x + a))~(4/3), x)

Mupad [B]
time = 0.63, size = 246, normalized size = 1.02

o) 1y () () 2l ) (17T ) (58] (e (ot 1 (00 (V) (<44 LN (e b e (VT ) () (0 (ot 8 - 0 (T ) (-

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*cot(a + b*x))~(4/3),x)

[Out] ((-1)~(1/6)*c~(4/3)*atan(((-1)~(5/6)*(c*cot(a + b*x))~(1/3)*1i)/c~(1/3))*1i
)/b = (3*c*x(c*cot(a + b*x))~(1/3))/b - ((-1)~(1/6)*c~(4/3)*x1og((-1)~(1/6)*c
~(1/3) - 2x(c*xcot(a + b*x))~(1/3) + (-1)7(2/3)*37(1/2)*c~(1/3))*((37(1/2)*1
i)/2 + 1/2))/(2xb) - ((-1)~(1/6)*c~(4/3)*log(2*(c*xcot(a + b*x))~(1/3) + (-1
)~ (1/6)*c~(1/3) - (-1)7(2/3)*37(1/2)*c~(1/3))*((37(1/2)*11)/2 - 1/2))/(2*b)
+ ((-1)"(1/6)*c~(4/3)*1log(2*(cxcot(a + b*x))~(1/3) + (-1)"(1/6)*c~(1/3) +
(-1)7(2/3)*37(1/2)*c~(1/3))*((3~(1/2)*1i) /4 + 1/4)) /b + ((-1)~(1/6)*c~(4/3)
*x1log(2*(c*xcot(a + b*x))~(1/3) - (-1)7(1/6)*c~(1/3) + (-1)7(2/3)*37(1/2)*c~(

1/3))*((37(1/2)*1i)/4 - 1/4))/b
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3.18 [(ccot(a + bx))*3 dx

Optimal. Leaf size=225

c 3ArcTan< \ ccots(a + bx) ) c? 3ArcTan(\/§ _2 CCOE(“ + bx) ) c?/ 3ArcTan(\/§ + 2V v cco‘g(a
i ), ve ) A
b 2b 2b

[Out] -c~(2/3)*arctan((c*cot(b*x+a))~(1/3)/c~(1/3))/b-1/2*c~(2/3)*arctan(2*(cxcot
(bxx+a))~(1/3)/c~(1/3)-3"(1/2)) /b-1/2xc~(2/3) *arctan (2* (cxcot (b*x+a) )~ (1/3)
/c~(1/3)+37(1/2))/b-1/4*c~(2/3)*1n(c~(2/3)+(c*cot (b*x+a) ) ~(2/3)-c~(1/3) *(c*

cot (b*xx+a))~(1/3)*37(1/2))*37(1/2) /b+1/4*xc”(2/3)*1n(c” (2/3)+(c*cot (b*x+a))”
(2/3)+c~(1/3) *(c*xcot (b*x+a) ) ~(1/3)*37(1/2))*37(1/2) /b

Rubi [A]
time = 0.28, antiderivative size = 225, normalized size of antiderivative = 1.00, number of

: number of rules _ 0.667,
integrand size

steps used = 12, number of rules used = 8, integrand size = 12
Rules used = {3557, 335, 301, 648, 632, 210, 642, 209}

{/ccot(a + ba 3 2¢/ccot(a + b: .
3 & ~<Arcm(ﬁJ cole ’”) Cz/wcm(z conlotbe) +¢§) VI log (~VE V& Y/ewolla 7B + (ccot(a +ba))0 + ) VI Holog (VB e Y/ewotla tha) + (ccotla-+ b + )
- - +
b 2b 2b 4b 4b

Antiderivative was successfully verified.
[In] Int[(c*Cot[a + b*x])~(2/3),x]

[Out] -((c~(2/3)*ArcTan[(c*Cot[a + b*x])~(1/3)/c~(1/3)1)/b) + (c~(2/3)*ArcTan[Sqr
t[3] - (2x(cxCot[a + bxx])~(1/3))/c~(1/3)1)/(2%b) - (c~(2/3)*ArcTan[Sqrt [3]

+ (2% (cxCot[a + bxx])~(1/3))/c~(1/3)]1)/(2%b) - (Sqrt[3]*c~(2/3)*Loglc~(2/3

) - Sqrt[3]*c~(1/3)*(c*Cot[a + b*x])~(1/3) + (c*Cot[a + b*x])~(2/3)])/(4*Db)

+ (Sqrt[3]1*c~(2/3)*Loglc~(2/3) + Sqrt[3]*c~(1/3)*(cxCot[a + b*x])~(1/3) +
(c*Cot[a + b*x])~(2/3)])/(4%Db)

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 01)

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 01)

Rule 301

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[a/b, nl], s = Denominator[Rt[a/b, nl]l, k, u}, Simp[u = Int[(r*Cos[(2*k
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- 1)*mx(Pi/n)] - s*Cos[(2*¥k - 1)*(m + 1)*(Pi/n)]*x)/(r"2 - 2*xr*xs*xCos[(2*k -
1)*x(Pi/n)]*x + 872%x"2), x] + Int[(r*Cos[(2*%k - 1)*m*x(Pi/n)] + s*Cos[(2*k

- 1)x(m + 1)*(Pi/n)]*x)/(r"2 + 2*r*s*Cos[(2*k - 1)*(Pi/n)]*x + s~2*x"2), x]
; 2%(-1)"(m/2)*(r"(m + 2)/(a*n*s”™m))*Int[1/(r"2 + s™2%x"2), x] + Dist[2*x(r~
(m + 1)/(a*n*s™m)), Sum[u, {k, 1, (n - 2)/4}]1, x]1, x]] /; FreeQ[{a, b}, x]

&& IGtQ[(n - 2)/4, 0] && IGtQ[m, O] && LtQ[m, n - 1] && PosQ[a/bl

Rule 335
Int[((c_.)*(x_))"(m_)*x((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator [m]}, Dist[k/c, Subst[Int[x"(k*(m + 1) - 1)*(a + b*(x~(k*n)/c"n

))7p, x1, x, (c*xx)~(1/k)], x1] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2*cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xcxd - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x"2), x], x] + Dist[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, 4, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4xaxc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps
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2+ . dz, z, ccot(a + bx))

2+$6 dz,z, </ ccot(a + br) )

cSubst (

/(ccot(a +bx)) P dr = —

(3¢) Subst

\3/;

c2/3Subst ¢/ccot(a + bx ABSubst | [ ——=2—
2/3_ ffz+x2 02/34_\/37.

b

23 tan™! ( CCOJG\;%_'_ bz) ) <\/§ c2/3> Subst (f /—\/55\3/35:% dz,z, 3/
c2/3— C r+x2
- 4b
ccot(a + bx)

/3 tan™1 ( \355 ) V3 23 log (02/3 — V3 Yc ¥/ccot(a + bx) +

- 4b
_ V bx)
203 tan -1 ( ccot3(a+bx ) 2/3 tap-1 (§ (3\/?? B 6\/CCOE(G+ ))
Ve N Ve _

2b

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order

3 in optimal.
time = 0.05, size = 40, normalized size = 0.18

_ 3(ccot(a + bx))>/3 o Fy (2, 1; 15 — cot?(a + bz))
dbe

Antiderivative was successfully verified.

[In] Integrate[(cxCotl[a + bxx])~(2/3),x]
[Out] (-3*(c*Cot[a + b*x])~(5/3)*Hypergeometric2F1[5/6, 1, 11/6, -Cot[a + b*x]~2]
)/ (5xb*c)

Maple [A]
time = 0.37, size = 191, normalized size = 0.85

method result

2(c cot(ba+a)) 3
\/§ ( ) % <(c cot(bz+a)) 3 f % (c cot(bz-ﬁ-a))% + (52) %> aretan (%af f) preten (
+

3c +
127 6(c2)® 3.

derivativedivides | — ;
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1
2(ccot(bata)3 _ retan]| ¢
\/:? (02) % In| (e cot(bm+a))% - \/g (02) % (c cot(bz+a))11§ + (02)% arctan e zméa \/g‘ arcta;
+ () +

3c T
6(c2)€ 3

12¢2

default —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*cot(b*x+a))~(2/3),x,method=_RETURNVERBOSE)

[Out] -3/b*cx(1/12/c”2x37(1/2)*(c~2)~(5/6)*1n((c*xcot (bxx+a))~(2/3)-37(1/2)*(c"2)"
(1/6) *(c*cot (b*xx+a))~(1/3)+(c"2)~(1/3))+1/6/(c"2)~(1/6) *arctan(2* (c*cot (b*x
+a))~(1/3)/(c"2)"(1/6)-3"(1/2))+1/3/(c"2)~(1/6) *arctan((c*cot (b*x+a))~(1/3)
/(c™2)7(1/6))-1/12/c~2x3~(1/2) *(c~2) ~(5/6) *1n((c*cot (b*x+a)) ~(2/3)+3~(1/2) *
(c™2)~(1/6)*(c*xcot (b*xx+a)) ~(1/3)+(c"2)~(1/3))+1/6/(c"2)~(1/6) *arctan (2x (c*c

ot (b*x+a))~(1/3)/(c"2)~(1/6)+37(1/2)))

Maxima [A]
time = 0.52, size = 182, normalized size = 0.81

- I - I - I c
3

3o (i) 3o (i) i)
ﬁlog \/'?TC% . §+c%+ . B ﬁlog 7\/'??6% . %+c%+ i B 2 arctan \/_‘ 3 4 E;«n(hz+n)) 2 arctan f 3 E;u(b.ﬁu)) 4 arctan (c..n(i:r;fn))
(w-mw)) (wnzbzw)) (tanﬁbz+u]) (m(aﬂn))
& - &

4b
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(2/3),x, algorithm="maxima")

[Out] 1/4*(sqrt(3)*log(sqrt(3)*c~(1/3)*(c/tan(b*x + a))~(1/3) + c~(2/3) + (c/tan(
bxx + a))~(2/3))/c~(1/3) - sqrt(3)*log(-sqrt(3)*c~(1/3)*(c/tan(b*x + a))~(1

/3) + c7(2/3) + (c/tan(b*x + a))~(2/3))/c”(1/3) - 2*arctan((sqrt(3)*c~(1/3)

+ 2x(c/tan(b*x + a))~(1/3))/c~(1/3))/c~(1/3) - 2*arctan(-(sqrt(3)*c~(1/3)

- 2x(c/tan(b*x + a))~(1/3))/c~(1/3))/c~(1/3) - 4*arctan((c/tan(b*x + a))~ (1
/3)/c”(1/3))/c~(1/3))*c/b

Fricas [F(-2)]

time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(2/3),x, algorithm="fricas")

[Out] Exception raised: TypeError >> Error detected within library code: catde
f: division by zero
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(ccot (a+ bx))% dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))**(2/3),x)
[Out] Integral((cxcot(a + bxx))*x(2/3), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(2/3),x, algorithm="giac")
[Out] integrate((c*cot(b*x + a))~(2/3), x)

Mupad [B]
time = 0.82, size = 260, normalized size = 1.16

(1 2 a2t h’:mww..(ﬂ%f’“

st (VT oot (B gy (e SO AT et (LY (e S0 (20T ot () (caprnn i (e, 20 e
() ( (1) )
2b - b - + - b - * b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*cot(a + b*x))~(2/3),x)

[Out] ((-1)"(1/6)*c~(2/3)*1og((972*%c~9)/b~3 + (486*(-1)~(1/6)*c”(26/3)*(3~(1/2)*1
i - 1x*(c*cot(a + b*x))~(1/3))/b73)*((37(1/2)*1i)/4 - 1/4))/b - ((-1)~(1/6)
*c~(2/3)*1og((972%c™9) /b~3 - (486%(-1)~(1/6)*c™(26/3)*(37(1/2)*1i - 1)*(c*c

ot(a + b*x))~(1/3))/b73)*((37(1/2)*1i)/2 - 1/2))/(2*b) - ((-1)~(1/6)*c~(2/3
)*1og((972%c~9) /"3 - (486*(-1)~(1/6)*c~(26/3)*(37(1/2)*1i + 1)*(c*cot(a +
b*x))~(1/3))/b73)*((37(1/2)*1i)/2 + 1/2))/(2%b) - ((-1)~(1/6)*c~(2/3)*atan(
((-1)7(2/3)*(c*cot(a + b*x))~(1/3))/c”(1/3))*1i) /b + ((-1)7(1/6)*c”~(2/3)*1o
g((972%c~9) /b~3 + (486*(-1)"(1/6)*c~(26/3)*(37(1/2)*1i + 1)*(cxcot(a + b*x)
)=(1/3))/p73)*((37(1/2)*11)/4 + 1/4))/b
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3.19 [ ¥/ccot(a+ bx) dx

Optimal. Leaf size=131

3 02/3—2(0 cot(a+bx))2/3
V3 \/EArcTan< V3 e/ ) N Vc log (¥ + (ccot(a + bz))??)  /c log (c*/® — c*/3(ccot(a + b

2b 2b 4b

[Out] 1/2%c~(1/3)*1n(c~(2/3)+(c*cot (b*x+a))~(2/3))/b-1/4%c~(1/3)*1n(c~(4/3)-c~(2/
3)*(c*xcot (b*x+a)) ~(2/3)+(c*cot (b*x+a))~(4/3)) /b+1/2*c~(1/3) *arctan(1/3*(c~(
2/3)-2*(c*cot (b*x+a))~(2/3))/c~(2/3)*37(1/2))*3~(1/2) /b

Rubi [A]
time = 0.07, antiderivative size = 131, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.750,

steps used = 9, number of rules used = 9, integrand size = 12
Rules used = {3557, 335, 281, 298, 31, 648, 631, 210, 642}

3 c2/3—2(ccot(atbz))?/3
V3 \/EArcTan< NP > . /¢ log ((ccot(a+ bx))/3 + %) /c log (—c*3(ccot(a + bx))?/? + (ccot(a + bz))¥/? + ¢4/3)
2b 2b 4b

Antiderivative was successfully verified.
[In] Int[(cxCotl[a + b*x])~(1/3),x]

[Out] (Sqrt[31*c~(1/3)*ArcTan[(c~(2/3) - 2*(cxCot[a + b*x])~(2/3))/(Sqrt[3]1*c~(2/
3))1)/(2%b) + (c~(1/3)*Loglc™(2/3) + (c*Cotl[a + b*x])~(2/3)1)/(2*%b) - (c~(1
/3)*Loglc™(4/3) - c~(2/3)*(cxCot[a + b*x])~(2/3) + (c*Cot[a + b*x])~(4/3)])

/ (4%b)

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 281

Int[(x_)~"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], %, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 298
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Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> Dist[-(3*Rt[a, 3]*Rt[b, 3])~(-
1), Int[1/(Rtl[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rt[a, 3]°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2%x
~2), x], x] /; FreeQ[{a, b}, x]

Rule 335

Int[((c_.)*(x_)) " (m_)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x"(k*(m + 1) - 1)*(a + b*(x~(k*n)/c"n
))7p, x1, x, (c*x)~(1/k)]1, x1]1 /; FreeQl[{a, b, c, p}, x] && IGtQ[n, O] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4xS
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[ql] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*xe)/(2*%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, 4, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x~2), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] & !
IntegerQ[n]

Rubi steps
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cSubst (f \Z—Z dz,z,ccot(a + bz))

/{’/ccot(a—l—bz) dr = — 7

(3c)Subst (f Zhas dz, m, i/ ccot(a + bx) )

(3c)Subst ([ %= d:cbm (ccot(a + bx))*?)
2b
</c Subst (f 2775 dz, z, (ccot(a + bx))2/3) /c Subst (f cw‘i/j—/"gﬁw dz,z, (c
2b 2b

\/* log (¢*/3 + (ccot(a + bx))2/?) /c’ Subst <f (ﬂ/;i/z% dz,z,(ccot(a + bz
2b 4b

f log (¢ + (ccot(a + bx))?/3)  /c log (¢*/3 — *3(ccot(a + bx))?/? + (ccof
2b 4b

2(c cot(a+ba:))2/3

VB et [
B V3 f log (c¢*3 + (ccot(a + bx))¥3)  /c log
- 2b 2b -

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order

3 in optimal.
time = 0.04, size = 40, normalized size = 0.31

_ 3(ccot(a + bxz))*/3 3 F1 (2,1; 35 — cot?(a + bx))
4bc

Antiderivative was successfully verified.

[In] Integrate[(c*Cot[a + b*x])~(1/3),x]
[Out] (-3*%(c*Cot[a + b+*x])~(4/3)+*Hypergeometric2F1[2/3, 1, 5/3, -Cot[a + bx*x]~2])
/ (4xbxc)

Maple [A]
time = 0.22, size = 108, normalized size = 0.82

’ method ‘ result
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\/§ 2(c cot(bxz+c
(*)®

f arctan| ————————5—"—

In ((c cot(szra))% + <c2> % > In <(c cot(szra))% — (C2) % (ccot(bz+a)) % + (62) % )
3c| — T + T +
6(c2)3 12(c2)3 6(c?)

derivativedivides | — 5
\/§ ( 2(c cot(sz-%kc
\/_‘ arctan —(;)
In <(c cot(bz+a))% + (02) % > In ((c cot(bz+a))% — (cz) % (ccot(bz+a)) % + (cz) % )
3c| — T + T + 1
6(c2)3 12(c2)3 6(c2)3
default — 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*cot(b*x+a))~(1/3),x,method=_RETURNVERBOSE)

[Out] -3/b*c*x(-1/6/(c"2)"(1/3)*1n((c*cot (b*x+a))~(2/3)+(c"2)~(1/3))+1/12/(c"2)~ (1
/3)*1n((c*cot (bxx+a))~(4/3)-(c~2)~(1/3) *(cxcot (b*x+a)) ~(2/3)+(c"2)~(2/3))+1
/6%37(1/2)/(c™2)~(1/3) *arctan(1/3*3~(1/2)*(2/(c"2)~(1/3) *(c*cot (b*xx+a) )~ (2/
3)-1)))

Maxima [A]
time = 0.54, size = 102, normalized size = 0.78

v 3 (C% -2 (tan(bcz+a)) %>
2V 3 arctan | — 5 4 2 2 4 9 2
3c3 log (c? —c3 (tan(bcz+a)) +(tan(b‘;+a)) ) 2 log <c§ +(7tan(bcz+a)) )
+ —_

2
c3

c 2
c3

B 4b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(1/3),x, algorithm="maxima")

[Out] -1/4%c*(2*sqrt(3)*arctan(-1/3*sqrt(3)*(c~(2/3) - 2*(c/tan(b*x + a))~(2/3))/
c~(2/3))/c”(2/3) + log(c~(4/3) - c~(2/3)*(c/tan(b*x + a))~(2/3) + (c/tan(bx*

x + a))”(4/3))/c(2/3) - 2xlog(c™(2/3) + (c/tan(b*x + a))~(2/3))/c~(2/3))/b
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Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 211 vs.
2(100) = 200.
time = 2.04, size = 211, normalized size = 1.61

} (cooszbztaaric) } 2 4 2 (ccos(zbataarre)F ceos(zbr42a)+c) 3
23 ek arct _ V32 ﬁcs( el lentele)” 9 2, (costzimizae) 5 | o1y o3 sin(2ba+2a)—cT (PEEA2AEN T sin(2bo+20)+(ccos(2ba+2a)+o) (£ tetzalte) T
€3 arctan 3c cslog|c sin(2bz+2a) cs log sin(2be+2a)

4b
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(1/3),x, algorithm="fricas")

[Out] -1/4%(2xsqrt(3)*c~(1/3)*arctan(-1/3*(sqrt(3)*c - 2*sqrt(3)*c~(1/3)*((c*cos(
2xbxx + 2%a) + c)/sin(2xbxx + 2*a))~(2/3))/c) - 2*c~(1/3)*1log(c~(2/3) + ((c

*xcos (2¥b*x + 2%a) + c)/sin(2%b*x + 2%a))~(2/3)) + c~(1/3)*log((c”(4/3)*sin(
2xb*x + 2xa) - c~(2/3)*((cxcos(2xb*x + 2*a) + c)/sin(2*%bxx + 2*a))~(2/3)*si
n(2*b*x + 2xa) + (c*xcos(2*b*x + 2%a) + c)*((c*cos(2xbxx + 2*a) + c)/sin(2*b

*x + 2%a))~(1/3))/sin(2xbxx + 2%a)))/b

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

[ Vewtari) do

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))**(1/3),x)
[Out] Integral((c*cot(a + b*x))**(1/3), x)
Giac [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*cot(b*x+a))~(1/3),x, algorithm="giac")
[Out] integrate((c*cot(b*x + a))~(1/3), x)
Mupad [B]

time = 0.52, size = 134, normalized size = 1.02

81c16/3 <g+@> (ccot(atba))?/? 16216/3 (7%@) (ccot(a+bz))®/?
81cf (1 + \/‘:T“) /3 1n 8}Tc6+ (7

o | 13 - pr
c/3 In (81 ¢'/3 (ccot(a + bx))* + 81 c")
2b B 2b b

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*cot(a + b*x))~(1/3),x)
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[Out] (c~(1/3)*log(81xc~(16/3)*(c*cot(a + b*x))~(2/3) + 81%c™6))/(2%b) - (c~(1/3)
*1og((81*c”6)/b~4 - (81xc~(16/3)*((37(1/2)*1i)/2 + 1/2)*(c*cot(a + b*x))~(2
/3))/b74)*((37(1/2)*11) /2 + 1/2))/(2%b) + (c~(1/3)*log((81*c~6)/b~4 + (162%
c~(16/3)*((37(1/2)*1i)/4 - 1/4)*(cxcot(a + b*x))~(2/3))/b~4)*((37(1/2)*1i)/

4 -1/4))/v
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1
-d
/ Y/ccot(a + bx) gy

Optimal. Leaf size=131

3.20

c2/3-2(ccot(a+bx))2/3
ﬁArcTan( V3 s ) log (¢*/® + (ccot(a + bz))?/?) +log (c*/3 — *3(ccot(a + b))%/ + (ccc

2b+/c 2by/c 4b+/c

[Out] -1/2%1n(c~(2/3)+(c*cot (b*x+a))~(2/3))/b/c”(1/3)+1/4%¥1n(c~(4/3)-c~(2/3) *(c*c
ot (b*x+a)) ~(2/3)+(cxcot (b*x+a)) ~(4/3))/b/c~(1/3)+1/2*arctan(1/3*(c~(2/3) -2x%
(cxcot (b*x+a))~(2/3))/c~(2/3)*37(1/2))*37(1/2) /b/c~(1/3)

Rubi [A]
time = 0.07, antiderivative size = 131, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.750,

steps used = 9, number of rules used = 9, integrand size = 12
Rules used = {3557, 335, 281, 206, 31, 648, 631, 210, 642}

/3-2(ccot(atbz))*/®
\/f?ArcTan< V3 s ) log ((C cot(a + bz))2/3 + c2/3> + log (—02/3(0 cot(a + bx))2/3 + (ceot(a + bz))4/3 ki 64/3)

2by/c 2by/c 4by/c

Antiderivative was successfully verified.
[In] Int[(c*Cotl[a + b*x])~(-1/3),x]

[Out] (Sqrt[3]*ArcTan[(c~(2/3) - 2*(c*Cot[a + b*x])~(2/3))/(Sqrt[3]1*c~(2/3))1)/(2
*xbxc~(1/3)) - Loglc~(2/3) + (c*Cot[a + b*x])~(2/3)]1/(2xbxc~(1/3)) + Loglc~(

4/3) - c~(2/3)*(cxCot[a + b*x])~(2/3) + (cxCotla + bxx])~(4/3)]1/(4*bxc~(1/3

))

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 206

Int[((a_) + (b_.)*(x_)"3)"(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]172), Int[1/(
Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]72), Int[(2*Rt[a, 3] - R
t[b, 3]*x)/(Rt[a, 312 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3]72%x~2), x], x] /; F
reeQ[{a, b}, x]

Rule 210

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)
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Rule 281

Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl]}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*(a + b*x~(n/k))"p, x], X, X
“k], x] /; k != 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 335

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
))7p, x1, x, (cxx)~(1/k)], x1] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[a*x(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*xe)/(2*%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x°n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps
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cSubst (f m dz,z,ccot(a + bx))

/ 1
dr = —
v/ ccot(a + bx) b
(3¢)Subst (f Zas dz, m, i/ ccot(a + bx) )
T b
(3¢)Subst( [ ziz5 dz, z, (ccot(a + bx))*/?)
T 2b
Subst (f a7 4z, z, (ccot(a + bw))2/3> Subst (f 64/32_0202% dz, z, (ccot(a
T 2b/c a 2b/c
—c?/342g
log (c2/* + (ccot(a + bz))2/?) ) Subst (f ﬁ dz,z, (ccot(a + bx))2/3>
- 2b/c 4bv/c
_ log (®? 4 (ccot(a + bx))*/?) N log (c*/® — ¢*/*(ccot(a + bz))*3 + (ccot(a + b
B 2b/c 4b¥/c

1— 2(c cot(a+ba:))2/3

V3 tan™t [ —22
V3 log (c*? 4 (ccot(a + bx))*?) N log (c*/3 — /3

2b+y/c 2b+y/c

Mathematica [A]
time = 0.16, size = 98, normalized size = 0.75

2
v/ cot(a + bx) (—2\/?7ArcTan<%§(“+bz)> —2log (1 + cotg(a + bx)) + log (1 — cot(a + bx) + cot3 (a + bx)))
4b+/ccot(a + bx)

Antiderivative was successfully verified.

[In] Integrate[(c*Cot[a + b*x])~(-1/3),x]

[Out] (Cot[a + b*x]~(1/3)*(-2xSqrt[3]*ArcTan[(-1 + 2xCot[a + b*x]~(2/3))/Sqrt[3]]
- 2xLog[1 + Cot[a + b*x]~(2/3)] + Logl[l - Cot[a + b*x]~(2/3) + Cot[a + b*x

17(4/3)1)) / (4xbx(c*Cot [a + b*x])~(1/3))

Maple [A]

time = 0.17, size = 108, normalized size = 0.82

’ method \ result




124

\/§ (2(ccot(bz+a))
f arctan (;2) °

In <(c cot(bz+a)) % + (c2) % > In <(c cot(bz+a)) % — (62) % (c cot(szra))% + (CZ) % >
+ 2
3

3c -
3 12(e2)3 6(c2)

6(c2)3

derivativedivides | — 5

\/g‘ (2(ccot(ln:+a))
2)3
\/_‘ arctan (;: )

In ((c cot(bz+a)) % + (52) % > In <(c cot(bz+a)) % — (62) % (c Cct(bz+a))% + (02) % )
+

3c -
6(c2) 3 12(c2) 8 6(c2)3

default — 5

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*cot(b*x+a))~(1/3),x,method=_RETURNVERBOSE)

[Out] -3/bxc*x(1/6/(c”2)"(2/3)*1n((c*cot (b*x+a))~(2/3)+(c"2)"~(1/3))-1/12/(c"2)~(2/
3)*1n((cxcot (bxx+a)) ~(4/3)-(c"2)~(1/3)*(c*xcot (bxx+a)) ~(2/3)+(c"2)~(2/3))+1/
6/(c”2)"(2/3)*3~(1/2)*arctan(1/3*3~(1/2)*(2/(c"2)~(1/3) *(c*cot (b*x+a)) ~(2/3

)-1)))
Maxima [A]
time = 0.51, size = 103, normalized size = 0.79
2 \/?T arctan | — \/g <C% _2 (tan(bcz+a)) §> 2 4 2
o (o8-8 (e )+ (i) L (F+ (i) ?)

4
c3

& i T
c3

B 4b
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(1/3),x, algorithm="maxima")

[Out] -1/4%c*(2*sqrt(3)*arctan(-1/3*sqrt(3)*(c~(2/3) - 2*(c/tan(b*x + a))~(2/3))/
c~(2/3))/c"(4/3) - log(c~(4/3) - c~(2/3)*(c/tan(b*x + a))~(2/3) + (c/tan(bx*
x + a))”(4/3))/c”(4/3) + 2xlog(c™(2/3) + (c/tan(b*x + a))~(2/3))/c~(4/3))/b
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Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 268 vs.
2(100) = 200.
time = 1.99, size = 639, normalized size = 4.88

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(1/3),x, algorithm="fricas")

[Out] [1/4*(sqrt(3)*c*sqrt((-c)~(1/3)/c)*1log(1/2xsqrt(3)*((-c)~(2/3)*((c*cos(2*bx
X + 2*%a) + c)/sin(2xb*xx + 2#*a))~(2/3)*(cos(2*b*x + 2*xa) - 1) - 2xcx((c*cos(
2xb*x + 2%a) + c)/sin(2%b*x + 2*a))~(1/3)*sin(2xb*x + 2*a) + (c*cos(2*b*x +
2%a) - c)*(-c)~(1/3))*sqrt((-c)~(1/3)/c) - 3/2%(-c)~(1/3)*((c*xcos(2*b*x +
2xa) + c)/sin(2*xbxx + 2%a))~(2/3)*(cos(2xb*x + 2*a) - 1) + 3/2*c*cos(2xb*x
+ 2xa) + 1/2%c) - 2x(-c)~(2/3)*1og((-c)~(2/3) + ((c*cos(2xb*x + 2*a) + c)/s
in(2xb*x + 2*a))~(2/3)) + (-c)~(2/3)*1log(-((-c)~(1/3)*c*sin(2*bxx + 2*a) +
(-c)~(2/3)*((c*cos(2xb*x + 2%a) + c)/sin(2xb*x + 2*a))~(2/3)*sin(2xb*x + 2%
a) - (cxcos(2xb*x + 2xa) + c)*((cxcos(2*b*x + 2xa) + c)/sin(2*bxx + 2*a))~(
1/3))/sin(2%b*x + 2*a)))/(bxc), -1/4*%(2xsqrt(3)*c*sqrt(-(-c)~(1/3)/c)*arcta
n(1/3*(sqrt(3)*(-c)~(1/3)*cxsqrt (-(-c)~(1/3) /c) + 2*sqrt(3)*(-c)~(2/3)*((c*
cos(2xbxx + 2*%a) + c)/sin(2xbxx + 2*a))~(2/3)*sqrt(-(-c)~(1/3)/c))/c) + 2x(
-c)~(2/3)*log((-c)~(2/3) + ((cxcos(2*b*x + 2%a) + c)/sin(2*b*x + 2xa))~(2/3
)) = (-c)~(2/3)*log(-((-c)~(1/3)*c*sin(2*b*xx + 2¥a) + (-c)~(2/3)*((c*cos(2%
bxx + 2%a) + c)/sin(2xbxx + 2*a))~(2/3)*sin(2*%b*x + 2*a) - (c*cos(2*b*x + 2
*a) + c)*((cxcos(2*b*x + 2*a) + c)/sin(2*xb*x + 2*a))~(1/3))/sin(2*b*x + 2*a
)))/(b*c)]

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

d.’L’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))**(1/3),x)
[Out] Integral((c*cot(a + b*x))*x(-1/3), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(1/3),x, algorithm="giac")
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[Out] integrate((cxcot(b*x + a))~(-1/3), x)

Mupad [B]
time = 0.58, size = 128, normalized size = 0.98
81t/ (’” 3 “) 162¢* (ccot(atba)>/? . 81etl/? (” 3 “) 162¢* (ccot(atba)>/? .
In ((ccot(a +bz)® + 02/3) In ( v + v (_1 +V3 h) In v - b (1 + V3 h)
2bcl/3 B 4bcth3 + 4bci3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*cot(a + b*x))~(1/3),x)

[Out] (Log((81xc~(11/3)*(37(1/2)*1i + 1))/b"3 - (162xc”~3*(c*xcot(a + b*xx))~(2/3))/
b~3)*(37(1/2)*1i + 1))/ (4xbxc™(1/3)) - (log((81*c~(11/3)*(37(1/2)*1i - 1))/

b~3 + (162*xc~3*(c*cot(a + b*x))~(2/3))/"3)*(37(1/2)*1i - 1))/ (4*bxc~(1/3))

- log((c*xcot(a + b*x))~(2/3) + c~(2/3))/(2xb*c~(1/3))
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1
f (ccot(a+bx))?/3 dz

Optimal. Leaf size=225

v/ ccot(a + bx) _ 2¢/ccot(a + bx) 2v/ccot(a + br)
) ArcTan< e ) +ArcTan (\/Z? e ArcTan( v/3 + e _

3.21

bc2/3 2bc?/3 B 2bc?/3

[Out] -arctan((c*xcot(b*x+a))~(1/3)/c~(1/3))/b/c”(2/3)-1/2*arctan(2x(c*cot (b*x+a))
~(1/3)/c~(1/3)-3"(1/2))/v/c~(2/3)-1/2*arctan (2% (cxcot (b*x+a) )~ (1/3)/c~(1/3)
+37(1/2))/b/c~(2/3)+1/4%1n(c” (2/3) +(c*xcot (b*x+a) )~ (2/3)-c~(1/3) *(c*cot (b*x+
a))~(1/3)*37(1/2))*37(1/2)/v/c~(2/3)-1/4*1n(c~(2/3)+(c*cot (b*x+a)) ~(2/3)+c~
(1/3)*(c*xcot (b*x+a))~(1/3)*37(1/2))*3~(1/2) /b/c~(2/3)

Rubi [A]
time = 0.22, antiderivative size = 225, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.667,

steps used = 12, number of rules used = 8, integrand size = 12
Rules used = {3557, 335, 215, 648, 632, 210, 642, 209}

{/ccot(a + bz 2{/ccot(a + bz’ 2¢/ccot(a + bx’ ) ;
ArcTan(i‘ \}g L) AreTan(v5 -2V \/(; L) ArcTan( 2V \/(; Livs) g (VB e V/eaot(a+ba) + (coot(a+ b))+ ) V3 log (VB Y ¥/ceot(a+ba) + (coot(a+ b)) + )
ban + W - W + pre - e

Antiderivative was successfully verified.
[In] Int[(c*Cotl[a + b*x])~(-2/3),x]

[Out] -(ArcTan[(c*Cot[a + b*x])~(1/3)/c~(1/3)]1/(b*c~(2/3))) + ArcTan[Sqrt[3] - (2
*x(cxCot[a + b*x])~(1/3))/c~(1/3)]1/(2%b*c~(2/3)) - ArcTan[Sqrt[3] + (2*(c*Co

tla + bxx])~(1/3))/c~(1/3)1/(2x¥bxc~(2/3)) + (Sqrt[3]1*Loglc~(2/3) - Sqrt[3]*
c~(1/3)*(cxCot[a + b*x])~(1/3) + (cxCot[a + b*x])~(2/3)]1)/(4xbxc~(2/3)) - (

Sqrt [3]*Logl[c~(2/3) + Sqrt[3]*c~(1/3)*(c*Cot[a + b*x])~(1/3) + (c*Cot[a + b
*x])7(2/3)1) / (4xb*xc™(2/3))

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] |l GtQ[b, 0]1)

Rule 210

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 215

Int[((a)) + (b_.)*(x_)"(n_))"(-1), x_Symbol] :> Module[{r = Numerator[Rt[a/
b, n]]l, s = Denominator[Rt[a/b, nl], k, u, v}, Simp[u = Int[(r - s*Cos[(2*k
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- 1)*(Pi/n)]1*x)/(r~2 - 2xr*s*Cos[(2xk - 1)*(Pi/n)]*x + s72*%x"2), x] + Int[
(r + s*Cos[(2xk - 1)*(Pi/n)]*x)/(r~2 + 2*r*s*Cos[(2*k - 1)*(Pi/n)]*x + s72%
x"2), x]; 2%(r"2/(axn))*Int[1/(r 2 + s72*x~2), x] + Dist[2*(r/(a*n)), Sum[u
, {k, 1, (n - 2)/4}], x1, x]1]1 /; FreeQl[{a, b}, x] && IGtQ[(n - 2)/4, 0] &&
PosQ[a/b]

Rule 335
Int[((c_.)*(x_))"(m )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(kx(m + 1) - 1)*(a + bx(x~(k*n)/c"n

))7p, x1, x, (c*x)~(1/k)], x]1] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*xe)/(2*%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, 4, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x~2), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] & !
IntegerQ[n]

Rubi steps
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cSubst (f m dz, z,ccot(a + bx))
b

(3¢)Subst (f 325 42, T, 3/ ccot(a + br) )
b
Je-V3- Ve V3=
Subst (f Y \/ﬂ\syﬂm-i_ ) d.CL',LB, Y CCOt(a‘f'bl') Subst f W

bc2/3 {

dz = —

/ 1
(ccot(a + bx))?/3

( CCOt (a + bz) ) v/3 Subst (f 2/;\/55\73?29” - dz, z, v ecot(a +
n c2/3— C z+x
bc2/3 4bC2/3
ccot(a + bx)
(Vo0 ) 1o (37— VB 35 Yoeok(a ) + (coo
02/3 T 4b02/3
3
it (VT ) s (435 - BT )
be2/3 + 2bc2/3 -

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order

3 in optimal.
time = 0.03, size = 38, normalized size = 0.17

_ 3{/ccot(a+bx) 2F1(5,1; §; —cot’(a + bx))

be

Antiderivative was successfully verified.

[In] Integrate[(cxCotl[a + bxx])~(-2/3),x]
[Out] (-3*%(c*Cot[a + b*x])~(1/3)+*Hypergeometric2F1[1/6, 1, 7/6, -Cot[a + bxx]~2])
/ (bxc)

Maple [A]
time = 0.32, size = 200, normalized size = 0.89

method result

o=

1
o2 arctan 2(ccot(bz+a))3
\/g ( )% ((ccot(bz+a))3+f %(ccot(ba:-&-a))%-k(cz)%) ( ) t ( (02)6 +ﬁ)
+

3c 12¢2 6c2 =

derivativedivides | —
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J’_

; Hecot(beta))8
\/:? (62)% ln((ccot(bm-ka))%-k\/g (02)%(ccot(bx+a))31§+(c2)%> (62)6 arctan( CCO(C2;%G +\/§

) (%)

_l’_i

8c 12¢2 6c2

default —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*cot(b*x+a))~(2/3),x,method=_RETURNVERBOSE)

[Out] -3/b*c*x(1/12/c~2%37(1/2)*(c”2)~(1/6)*1n((c*cot (b*x+a))~(2/3)+37(1/2)*(c"2)~

(1/6)* (c*xcot (b*x+a)) ~(1/3)+(c"2)~(1/3))+1/6/c”2*%(c"2) " (1/6) *arctan (2* (c*cot
(bxx+a))~(1/3)/(c"2)"(1/6)+3"(1/2))+1/3/c"2%(c"2) " (1/6) *arctan((c*cot (b*x+a
))~"(1/3)/(c”2)"(1/6))-1/12/c~2%37(1/2) *(c~2) ~(1/6) *1n((c*cot (b*x+a)) ~(2/3) -
37(1/2)*(c™2) " (1/6)*(c*xcot (b*x+a) ) ~(1/3)+(c~2)~(1/3))+1/6/c"2%(c"2) " (1/6) *a
rctan(2*(c*xcot (b*x+a))~(1/3)/(c"2)~(1/6)-37(1/2)))

Maxima [A]
time = 0.51, size = 182, normalized size = 0.81

c

V3 () V3l ( e :
G e GED) svetan| (T
V3 log (\/:T o (smiory) b (o) %) V3 log <_ VB o (camiors ) b+ i) %) 2 arctan ( 5 2 arctan 3 4 arctan -
5 - 5 + 5 + 5 + 5
c3 c3 c3 c3 c3

4b
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(2/3),x, algorithm="maxima")

[Out] -1/4*c*(sqrt(3)*log(sqrt(3)*c~(1/3)*(c/tan(b*x + a))~(1/3) + c~(2/3) + (c/t

an(bxx + a))~(2/3))/c”(5/3) - sqrt(3)*log(-sqrt(3)*c~(1/3)*(c/tan(bxx + a))
~(1/3) + c~(2/3) + (c/tan(b*x + a))~(2/3))/c~(5/3) + 2xarctan((sqrt(3)*c~(1
/3) + 2x(c/tan(b*x + a))~(1/3))/c~(1/3))/c~(5/3) + 2xarctan(-(sqrt(3)*c~(1/
3) - 2x(c/tan(b*x + a))~(1/3))/c~(1/3))/c~(5/3) + 4*arctan((c/tan(b*x + a))
~(1/3)/c~(1/3))/c~(5/3)) /b

Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(2/3),x, algorithm="fricas")

[Out] Exception raised: TypeError >> Error detected within library code:
f: division by zero

catde
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ 1
5 dx
(ccot (a+ bx))3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(cxcot(b*x+a))**(2/3),x)
[Out] Integral((cxcot(a + bx*x))*x(-2/3), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(2/3),x, algorithm="giac")
[Out] integrate((c*cot(b*x + a))~(-2/3), x)

Mupad [B]
time = 0.55, size = 231, normalized size = 1.03

OB ) (1+585) Pt ) s T 08) (0 L8] (e et ) 7T (54 508) et )+ P T o) (4 )

,,,,,,

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*cot(a + b*x))~(2/3),x)

[Out] ((-1)7(1/6)*1og((-1)~(1/6)*c™(1/3) - 2x(c*cot(a + b*x))~(1/3) + (-1)7(2/3)*
37(1/2)*c™(1/3))*((37(1/2)*1i) /4 + 1/4))/(bxc™(2/3)) - ((-1)7(1/6)*1og(2*(c
*cot(a + bxx))~(1/3) + (-1)7(1/6)*c~(1/3) + (-1)7(2/3)*37(1/2)*c”(1/3))*((3
“(1/2)*1i)/2 + 1/2))/(2%b*c™(2/3)) - ((-1)7(1/6)*1log(2*(cxcot(a + b*x))~(1/

3) - (-1)7(1/6)*c~(1/3) + (-1)7(2/3)*37(1/2)*c™(1/3))*((37(1/2)*1i)/2 - 1/2

))/ (2xbxc™(2/3)) - ((-1)~(1/6)*atan(((-1)~(5/6)*(c*cot(a + b*x))~(1/3)*1i)/
c™(1/3))*1i)/(b*xc™(2/3)) + ((-1)7(1/6)*Llog(2*(c*xcot(a + b*x))~(1/3) + (-1)~
(1/6)*c~(1/3) - (-1)7(2/3)*37(1/2)*c~(1/3))*((37(1/2)*1i)/4 - 1/4))/(b*c~(2

/3))
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1
f (ccot(a+bx))4/3 dz

Optimal. Leaf size=244

3.22

ArcTan( \ ccots(a + bz) ) ArcTan(\/?T _ 2 CCOE(“ + bx) ) ArcTan(x/?T +2 Y CCOE(G + bz)
Ve Jc N Je

bct/3 B 2bct/3 2bct/3

[Out] arctan((cxcot(b*x+a))~(1/3)/c~(1/3))/b/c”(4/3)+1/2*arctan(2*(cxcot(b*x+a))"~
(1/3)/c~(1/3)-3"(1/2))/b/c~(4/3)+1/2*arctan (2% (c*cot (b*x+a)) ~(1/3) /c~(1/3)+
37(1/2))/b/c~(4/3)+3/v/c/ (c*xcot (b*x+a)) ~(1/3)+1/4x1n(c~(2/3)+(c*cot (b*x+a))
~(2/3)-c~(1/3)*(c*xcot (b*x+a) ) ~(1/3)*3~(1/2))*3(1/2) /b/c”(4/3)-1/4*%1n(c~(2/
3)+(c*cot (b*x+a))~(2/3)+c~(1/3) *(c*xcot (b*x+a)) ~(1/3)*37(1/2))*37(1/2) /b/c~(

4/3)

Rubi [A]
time = 0.29, antiderivative size = 244, normalized size of antiderivative = 1.00, number of

, number of rules _ 0.750,
integrand size

steps used = 13, number of rules used = 9, integrand size = 12
Rules used = {3555, 3557, 335, 301, 648, 632, 210, 642, 209}

2¢/ccot(a + bx) p
an( 2 \/(; L ﬁ) V3 log (= VB Ve ecotl(a+5a) + (ccotla+ 1) + ) V3 log (V3 ¥ {/cootla T ba) + (coot(a+ b)) + ) 3
2bcs * 4 - 4bcs bey/ccot(a + ba)

Antiderivative was successfully verified.
[In] Int[(c*Cot[a + b*x])~(-4/3),x]

[Out] ArcTan[(c*Cot[a + b*x])~(1/3)/c~(1/3)]1/(b*c~(4/3)) - ArcTan[Sqrt[3] - (2*(c
*Cot[a + bxx])~(1/3))/c~(1/3)]1/(2xb*c~(4/3)) + ArcTan[Sqrt[3] + (2x(cxCot[a

+ b*x])7(1/3))/c”(1/3)1/ (2%bxc™(4/3)) + 3/(b*cx(c*Cot[a + b*x])~(1/3)) + (

Sqrt [3]*Log[c~(2/3) - Sqrt[3]*c~(1/3)*(c*Cot[a + b*x])~(1/3) + (c*Cot[a + b
*xx])~(2/3)]1) /(4xbxc~(4/3)) - (Sqrt[3]*Loglc~(2/3) + Sqrt[3]*c~(1/3)*(c*Cot[

a + b*x])~(1/3) + (c*Cotl[a + b*x])~(2/3)])/(4*bxc~(4/3))

Rule 209

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 Il GtQ[b, 0]1)

Rule 210

Int[((a_) + (b_.)*(x_)"2)~(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2]1)]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

Rule 301
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Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[a/b, n]], s = Denominator[Rt[a/b, n]], k, u}, Simp[u = Int[(r*Cos[(2xk

- 1)*mx(Pi/n)] - s*Cos[(2*¥k - 1)*(m + 1)*(Pi/n)]*x)/(r"2 - 2*r*s*xCos[(2*k -
D)*(Pi/n)]*x + 872%x72), x] + Int[(r*Cos[(2*%k - 1)*m*(Pi/n)] + s*Cos[(2*k

- D)*x(m + 1)*(Pi/n)]*x)/(xr"2 + 2*r*s*Cos[(2*k - 1)*(Pi/n)]*x + s72*x"2), x]
; 2%(-1)"(m/2)*(r"(m + 2)/(a*n*s”m) )*Int[1/(xr"2 + s72%x72), x] + Dist[2x(r~
(m + 1)/(a*n*s"m)), Sum[u, {k, 1, (0 - 2)/4}]1, x1, x1] /; FreeQ[{a, b}, x]

&& IGtQ[(n - 2)/4, 0] && IGtQ[m, O] && LtQ[m, n - 1] && PosQ[a/b]

Rule 335

Int[((c_.)*(x_))"(m_)*x((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator [m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*(x~(k*n)/c"n
))7p, x1, x, (c*xx)"(1/k)], x1] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]11/b), x] /; FreeQl[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*d - bxe)/(2xc), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, 4, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 3555

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(b*Tan[c + d*x]
)"(m + 1)/(b*d*(n + 1)), x] - Dist[1/b"2, Int[(b*Tan[c + d*x])~(n + 2), x],
x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x~2), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]



134

Rubi steps
1 dp — 3 _ J(ccot(a + bz))?/3 dx
(ccot(a + bx))4/3 be/ccot(a + bz) c?
3 Subst( o +x2 dz,z,ccot(a + ba:)>
" bet/coot(a+ ba) be
3 3Subst (f 25zs dz, T, 3/ ccot(a + br) )
N v/ ccot(a + bx) " be
Subst ( [ — f fz v/ ccot(a + bx) ) Subst
= ’ + = T Veers +

bey/ccot(a + bx) bet/3

v/ ccot(a + bx) V3 ( ~V/3 J/c yo
3 Subst
( Ve ) + 3 + = ICQ/S—\/?T\?’/EHw?
bct/3 bey/ ccot(a + bx) 4bct/?
ccot(a + bx)
( \3(/; ) 3 V3 log <02/3 — V3¢ ¥cco
4/3 + 3 +
be bey/ ccot(a + bx) 4b
3
( ccots(c;+bx ) tan-1 (% <3\/§ B 6\/ccot3(g+bx) )) tan—1 (
bct/3 B 2bct/3 *

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
3 in optimal.
time = 0.06, size = 38, normalized size = 0.16

32F1(—1,1; 3, — cot?(a + bz))

6’16

bey/ccot(a + bx)

Antiderivative was successfully verified.

[In] Integrate[(c*Cot[a + b*x])~(-4/3),x]

[Out] (3*Hypergeometric2F1[-1/6, 1, 5/6, -Cot[a + b*x]~2])/(b*c*(c*Cot[a + b*x])~
(1/3))

Maple [A]
time = 0.33, size = 212, normalized size = 0.87
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method result

2(ccot(bz+a)) 315

\/g‘ (cz)% 1n<(ccot(bz+a))% — \/g‘ (cz) % (ccot(bz+a))%+(c2) %> +aI‘Ctan ( (82) %

, ) 12¢2 6(62)%
cl| — —

1
c2(ccot(bz+a))3

derivativedivides | —

1
2(ccot(bz+a))3

\/?T‘ (02)% 1n<(ccot(bw+a))%—\/§‘ (02)%(ccot(bz+a))%+(c2)%> arctan( (62)%

; 1 ) o()?
C

1
c2(ccot(bz+a))3

default —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*cot(b*x+a))~(4/3),x,method=_RETURNVERBOSE)

[Out] -3/bxcx(-1/c~2/(c*xcot(b*x+a))~(1/3)-(1/12/c"2x3~(1/2)*(c"2) " (5/6) *1n((c*cot
(bxx+a))~(2/3)-37(1/2)*(c~2)~(1/6) *(cxcot (bxx+a)) ~(1/3)+(c"2)~(1/3))+1/6/(c
~2)~(1/6) *arctan (2% (cxcot (b*x+a))~(1/3)/(c~2)~(1/6)-3"(1/2))+1/3/(c"2)~(1/6
Y*arctan((cxcot (b*x+a))~(1/3)/(c"2)~(1/6))-1/12/c~2*3~(1/2)*(c~2)~(5/6) *1n(
(cxcot (b*x+a))~(2/3)+37(1/2) *(c~2) ~(1/6) *(c*cot (b*x+a) ) ~(1/3)+(c"2)~(1/3))+
1/6/(c~2)~(1/6) *arctan (2% (c*cot (bxx+a))~(1/3)/(c~2)~(1/6)+3~(1/2)))/c~2)

Maxima [A]
time = 0.49, size = 204, normalized size = 0.84

4b
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(4/3),x, algorithm="maxima")

[Out] -1/4*c*((sqrt(3)*log(sqrt(3)*c~(1/3)*(c/tan(b*x + a))~(1/3) + c~(2/3) + (c/
tan(b*x + a))~(2/3))/c”(1/3) - sqrt(3)*log(-sqrt(3)*c~(1/3)*(c/tan(b*x + a)
)~(1/3) + c~(2/3) + (c/tan(b*x + a))~(2/3))/c”(1/3) - 2*arctan((sqrt(3)*c~(

1/3) + 2x(c/tan(b*x + a))~(1/3))/c~(1/3))/c~(1/3) - 2*xarctan(-(sqrt(3)*c~(1

/3) - 2x(c/tan(b*x + a))~(1/3))/c~(1/3))/c~(1/3) - 4xarctan((c/tan(b*x + a)
)=(1/3)/c~(1/3))/c~(1/3))/c™2 - 12/(c"2*(c/tan(b*x + a))~(1/3)))/b



Fricas [F(-2)]
time = 0.00, size = 0, normalized size = 0.00

Exception raised: TypeError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(4/3),x, algorithm="fricas")
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[Out] Exception raised: TypeError >> Error detected within library code:

f: division by zero

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/ - dx
(ccot (a + bx))3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*xcot(b*x+a))**(4/3),x)
[Out] Integral((c*cot(a + b*x))*x(-4/3), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(c*cot(b*x+a))~(4/3),x, algorithm="giac")
[Out] integrate((cxcot(b*x + a))~(-4/3), x)

Mupad [B]

time = 0.43, size = 277, normalized size = 1.14

i)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(c*xcot(a + b*x))~(4/3),x)

72 (-0 0 (14 YE0) (cootfa+ b)) (34 E2) (1) 1 (0720007 — 1900 (-0 90 (44 VT8) econ(apa)*®) (=34 VER) (071 (orzeee - 10aa (o0 4+ TN (cootfasne)”) (L4
i ] o — ) (-5 (1445 (

catde

[Out] 3/(b*xc*(cxcot(a + b*x))~(1/3)) + ((-1)~(1/6)*atan(((-1)"(2/3)*(cxcot(a + bx*

x))~(1/3))/c”(1/3))*1i) /(b*c~(4/3)) - ((-1)~(1/6)*1og(972xb~6*c~12 + 972%(-
1)7(1/6)*b~6%c~(35/3)*((37(1/2)*1i)/2 - 1/2)*(c*cot(a + b*x))~(1/3))*((3° (1
/2)*%11)/2 - 1/2))/(2%¥b*c~(4/3)) - ((-1)~(1/6)*1og(972%b~6xc~12 + 972%(-1)"(
1/6)*b~6xc~(35/3)*((37(1/2)*1i)/2 + 1/2)*(cxcot(a + b*x))~(1/3))*((37(1/2)*
1i)/2 + 1/2))/(2%bxc~(4/3)) + ((-1)"(1/6)*1og(972*b~6%c~12 - 1944*(-1)~(1/6

)*¥b~6%c” (35/3)*((37(1/2)*1i) /4 - 1/4)*(c*cot(a + b*x))~(1/3))*((37(1/2)*11i)

/4 - 1/4))/(bxc~(4/3)) + ((-1)~(1/6)*1og(972%b"6*c~12 - 1944*(-1)~(1/6)*b"6

*c7(35/3)*((37(1/2)*11) /4 + 1/4)*(cxcot(a + b*x))~(1/3))*((37(1/2)*1i)/4 +

1/4))/ (b*xc~(4/3))
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3.23 [ cot™(a + bz) dz

Optimal. Leaf size=46

cot™(a + bz) o F1 (1, 122 342 — cot?(a + bx))

b(1+n)

[Out] -cot(b*x+a)”(1+n)*hypergeom([1, 1/2+1/2*n], [3/2+1/2*n],-cot (b*x+a)~2)/b/(1+
n)

Rubi [A]

time = 0.02, antiderivative size = 46, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.250,

steps used = 2, number of rules used = 2, integrand size = 8,
Rules used = {3557, 371}

cot™(a + bz) o F (1, 25 243 — cot®(a + bz))
b(n+1)

Antiderivative was successfully verified.
[In] Int[Cot[a + b*x] n,x]

[Out] -((Cot[a + b*x]~(1 + n)*Hypergeometric2F1[1, (1 + n)/2, (3 + n)/2, -Cot[a +
b*x]~2])/(bx(1 + n)))

Rule 371

Int[((c_)*(x)) " (m_.)*((a)) + (b_)*(x_)"(n_))"(p_), x_Symbol]l :> Simp[a~p
*((c*xx)~(m + 1)/(c*(m + 1)))+*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, c, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 01 |l GtQ[a, 01)

Rule 3557
Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[

x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps

Subst ([ 1225 da, z, cot(a + b))
- b
cot' ™ (a + bz) o F1 (1, 1372 3%, — cot?(a + bx))
b(1+n)

/cot”(a + bz) dz =
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Mathematica [A]
time = 0.05, size = 48, normalized size = 1.04

_cot'™(a +bz) 2 [y (1,1472:1 4+ 40— cot?(a + br))
b(1+n)

Antiderivative was successfully verified.

[In] Integrate[Cot[a + b*x] n,x]
[Out] -((Cot[a + b*x]~(1 + n)*Hypergeometric2F1[1, (1 + n)/2, 1 + (1 + n)/2, -Cot

[a + b*x]~2])/(b*(1 + n)))

Maple [F]
time = 0.27, size = 0, normalized size = 0.00

/ cot” (bz + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(b*x+a) n,x)
[Out] int(cot(b*x+a) n,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a) n,x, algorithm="maxima")
[Out] integrate(cot(b*x + a)~n, x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a) n,x, algorithm="fricas")

[Out] integral(cot(b*x + a)~n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/cot” (a+ bx) dzx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a)**n,x)

[Out] Integral(cot(a + b*x)**n, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cot(b*x+a) n,x, algorithm="giac")
[Out] integrate(cot(b*x + a)~n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/cot(a +bz)" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cot(a + b*x) n,x)

[Out] int(cot(a + b*x)"n, x)
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3.24 [ (beot(c+ dx))™ dx

Optimal. Leaf size=51

beot(c+ dz)) ™ o Fy (1, 122 3En. _ cot?(c + dx
2 5 2
bd(1 + n)

[Out] -(b*cot(d*x+c))~ (1+n)*hypergeom([1, 1/2+1/2%n], [3/2+1/2*n],-cot(d*x+c)~2)/b
/d/(1+n)

Rubi [A]

time = 0.02, antiderivative size = 51, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.200,

steps used = 2, number of rules used = 2, integrand size = 10,
Rules used = {3557, 371}

(beot(c+ dx)) o Fy (1, iEL; 2435 — cot?(c + dx
2 2
bd(n + 1)

Antiderivative was successfully verified.
[In] Int[(b*Cotl[c + d*x]) n,x]

[Out] -(((bxCot[c + d*x])~(1 + n)*Hypergeometric2F1[1, (1 + n)/2, (3 + n)/2, -Cot
[c + d*xx]~2])/(b*d*(1 + n)))

Rule 371

Int[((c_)*(x))"(m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p
*((c*x)"(m + 1)/(c*(m + 1)))*Hypergeometric2Fi[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, c, m, n, p}, x] & 'IGtQ[p, 0] && (ILt
Qlp, 01 Il GtQla, 01)

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rubi steps

n

bSubst( | 25— dz,z,bcot(c+d
/(bcot(c-l—dx))"dx:_ u (fb-Hz; Z$ (c z))

(beot(c + dz)) ™o Fy (1, 525 322, — cot?(c + dz))
bd(1+ n)




141

Mathematica [A]
time = 0.08, size = 54, normalized size = 1.06

_cot(c + dz)(beot(c + dz))" o Fi (1, 1375 1 + 147 — cot®(c + dz))

d(1+n)

Antiderivative was successfully verified.

[In] Integrate[(b*Cot[c + d*x]) n,x]
[Out] -((Cot[c + d*x]*(b*Cot[c + d*x]) n*Hypergeometric2F1[1, (1 + n)/2, 1 + (1 +

n)/2, -Cotlc + d*x]72])/(d*(1 + n)))

Mabple [F]
time = 0.27, size = 0, normalized size = 0.00

/ (beot (dz + ¢))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*cot(d*x+c)) n,x)
[Out] int((b*cot(d*x+c)) n,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*cot(d*x+c)) n,x, algorithm="maxima")
[Out] integrate((b*cot(d*x + ¢))7n, x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((b*cot(d*x+c)) n,x, algorithm="fricas")
[Out] integral((b*cot(d*x + c))"n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (beot (¢ + dz))" dx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*cot(d*x+c))**n,x)

[Out] Integral((b*cot(c + d#*x))*#*n, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*cot(d*x+c)) n,x, algorithm="giac")
[Out] integrate((b*cot(d*x + ¢))7n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/ (beot(c + dz))" dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*cot(c + d*x)) n,x)
[Out] int((b*cot(c + d*x))"n, x)

142



143

3.25 [ (a cot?(z))*? da

Optimal. Leaf size=36

— %a cot(z)y/acot?(x) — ay/acot?(z) log(sin(x)) tan(z)

[Out] -1/2*a*cot(x)*(axcot(x)~2)~(1/2)-a*x1n(sin(x))*(a*cot(x)~2)"(1/2)*tan(x)

Rubi [A]
time = 0.02, antiderivative size = 36, normalized size of antiderivative = 1.00, number of

: number of rules _ 0.300,
integrand size

steps used = 3, number of rules used = 3, integrand size = 10
Rules used = {3739, 3554, 3556}

—%a cot(z)\/acot?(x) — atan(z)y/acot?(z) log(sin(z))

Antiderivative was successfully verified.

[In] Int[(axCot[x]~2)~(3/2),x]

[Out] -1/2%(axCot[x]*Sqrt[a*Cot[x]~2]) - a*Sqrt[a*Cot[x]~2]*Log[Sin[x]]*Tan[x]
Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/4, x] /; FreeQl{c, d}, x]

Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (£_.)*(x)1~(n.))~(p.), x_Symboll :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Dist[(bxff~"n) IntPart[p]*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (n*FracPart[p])), Int[ActivateTrig[u]*(Tan
[e + £*x]/£f£)"(n*p), x], x]1] /; FreeQ[{b, e, f, n, p}, x] && !'IntegerQ([p]
&% IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_ )le + fxx1)"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps
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/(a 00’52(37))3/2 dx = (a\/acotQ(w) tan(z)> /cot3(x) dx
= —%acot(m) acot®(x) — (a\/acotz(:c) tan(:r)) /cot(x) dx
= —%a cot(z)\/acot?(z) — ay/acot?(x) log(sin(x))tan(z)

Mathematica [A]
time = 0.03, size = 27, normalized size = 0.75

_%m Jacot?(z) (csc?(z) + 2log(sin(z))) tan(z)

Antiderivative was successfully verified.

[In] Integrate[(axCot[x]~2)~(3/2),x]
[Out] -1/2%(a*Sqrt[a*xCot[x]~2]*(Csc[x]~2 + 2*Log[Sin[x]])*Tan[x])

Maple [A]
time = 0.14, size = 29, normalized size = 0.81

method result size
derivativedivides | (2(©¥@) (ot (2))-+n(cot? (@)+1)) 29
2 cot(z)
default (a(cot?())) # (- gc:i(%>3>+ln(cot2<w>+l)> 29
a(e2iz41)2 [ a(e2iz11)2 ) . [ a(e2izi1)2 )
a(e%z—l) —ﬁ x 2ia — (i%v j_ll))z e2ix ia(emm—l) —(i%c—jll))z ln(eQ””—l)
risch 2w 11 - (€% 1) (e2ie—1) + e2iw 11 145

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*cot(x)~2)~(3/2),x,method=_RETURNVERBOSE)
[Out] 1/2*%(a*cot(x)~2)~(3/2)*(-cot(x) "2+1n(cot(x)~2+1))/cot(x) "3

Maxima [A]
time = 0.50, size = 30, normalized size = 0.83

N

a
2 tan (z)°

3
2

a2 log (tan (z)* +1) — a2 log (tan (z)) —

N —

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a*cot(x)~2)~(3/2),x, algorithm="maxima")
[Out] 1/2*a~(3/2)*log(tan(x)~2 + 1) - a~(3/2)*log(tan(x)) - 1/2*a~(3/2)/tan(x)"2

Fricas [A]
time = 4.27, size = 52, normalized size = 1.44

((acos(22) — a)log (3 cos(22) +3) —2a) \/_ ac(;zs((Zng;)jla

2 sin (2 z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(x)~2)~(3/2),x, algorithm="fricas")
[Out] 1/2*%((a*xcos(2*x) - a)*log(-1/2*cos(2*x) + 1/2) - 2*a)*sqrt(-(axcos(2*x) + a

)/ (cos(2%x) - 1))/sin(2%x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (acot? (z))

Verification of antiderivative is not currently implemented for this CAS.

3
2

dz

[In] integrate((a*cot(x)**2)*x(3/2),x)
[Out] Integral((axcot(x)**2)**x(3/2), x)

Giac [A]
time = 0.42, size = 31, normalized size = 0.86

1 3 1 2 -
5@ (m — log (— cos (z)” + 1))sgn(cos (x)) sgn(sin (x))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(x)~2)~(3/2),x, algorithm="giac")
[Out] 1/2*a”~(3/2)*(1/(cos(x)"2 - 1) - log(-cos(x)~2 + 1))*sgn(cos(x))*sgn(sin(x))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

/ (a cot(a:)2)3/2 dz
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*cot(x)~2)~(3/2),x)
[Out] int((a*cot(x)~2)~(3/2), x)
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3.26 [ \acot)(z) dx

Optimal. Leaf size=16
acot?(z) log(sin(z)) tan(z)

[Out] 1n(sin(x))*(a*cot(x)~2)~(1/2)*tan(x)
Rubi [A]

time = 0.02, antiderivative size = 16, normalized size of antiderivative = 1.00, number of
steps used = 2, number of rules used = 2, integrand size = 10, number of rules _ ) 9

integrand size
Rules used = {3739, 3556}

tan(z)4/acot?(z) log(sin(z))

Antiderivative was successfully verified.

[In] Int[Sqrt[axCot[x]~2],x]

[Out] Sqrt[a*xCot[x]~2]*Log[Sin[x]]*Tan[x]
Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/4, x] /; FreeQl{c, d}, x]

Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Dist[(b*ff~n) IntPart[p]*((b*xTan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (n*FracPart[p]l)), Int[ActivateTrig[u]*(Tan
[e + £*x]/£f£)"(n*p), x], x]1] /; FreeQ[{b, e, f, n, p}, x] && !'IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + £*x])~"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps

acot’(z) dr = | \/acot’(z) tan(x) cot(z) dz
/v (v
= \/acot?(z) log(sin(z)) tan(z)

Mathematica [A]
time = 0.01, size = 16, normalized size = 1.00

acot?(z) log(sin(z)) tan(z)
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Antiderivative was successfully verified.
[In] Integrate[Sqrt[a*Cot[x]~2],x]
[Out] Sqrt[a*Cot[x]~2]*Log[Sin[x]]*Tan [x]

Maple [A]
time = 0.13, size = 22, normalized size = 1.38

method result size
\/—2 n(cot*(x
derivativedivides | —-Y-2 (cot (2322@; (cot?(2)+1) 09
2
default _Va(cot gx(:zg(w;“(mﬁ(“)ﬂ) 09
a(e?iz 2 . a(e2iz 2 ) _
— (iziz_—i_ll))Q (e21m—1)x [ — (22”_—"_11))2 (e2“°—1) ln(e2”—1)
risch — e _ - o1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*cot(x)~2)~(1/2),x,method=_RETURNVERBOSE)
[Out] -1/2*(a*cot(x)~2)~(1/2)/cot(x)*1n(cot(x)~2+1)

Maxima [A]
time = 0.49, size = 20, normalized size = 1.25

—% Va log (tan (z)* + 1) + v/a log (tan (z))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(x)~2)~(1/2),x, algorithm="maxima")
[Out] -1/2%sqrt(a)*log(tan(x)~2 + 1) + sqrt(a)*log(tan(x))
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 43 vs.

2(14) = 28.
time = 3.77, size = 43, normalized size = 2.69

\/—% log (—3 cos (2z) + 3) sin (2z)

2(cos(2z) +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(x)~2)~(1/2),x, algorithm="fricas")
[Out] 1/2*sqrt(-(axcos(2*x) + a)/(cos(2*x) - 1))*log(-1/2*cos(2*x) + 1/2)*sin(2+*x
)/(cos(2*x) + 1)



Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/\/acot2 (z) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axcot(x)**2)**x(1/2),x)
[Out] Integral(sqrt(axcot(x)**2), x)

Giac [A]
time = 0.41, size = 20, normalized size = 1.25

% V@' log (— cos (z)® + 1) sgn(cos (z)) sgn(sin (z))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(x)~2)~(1/2),x, algorithm="giac")
[Out] 1/2*sqrt(a)*log(-cos(x)~2 + 1)*sgn(cos(x))*sgn(sin(x))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.06

/ \/acot (z)? dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*cot(x)~2)~(1/2),x)
[Out] int((a*cot(x)~2)~(1/2), x)
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3.27 dx

/ v acot?(z)

Optimal. Leaf size=17
_ cot(z) log(cos(z))

a cot?(z)

[Out] -cot(x)*1n(cos(x))/(a*xcot(x)"2)"(1/2)
Rubi [A]

time = 0.01, antiderivative size = 17, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.200,

steps used = 2, number of rules used = 2, integrand size = 10
Rules used = {3739, 3556}

_cot(z) log(cos(z))

a cot?(x)

Antiderivative was successfully verified.

[In] Int[1/Sqrt[a*Cot[x]~2],x]

[Out] -((Cot[x]*Logl[Cos[x]])/Sqrt[a*xCot[x]~2])
Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/d, x1 /; FreeQl[{c, d}, x]

Rule 3739

Int[(u_.)*((b_.)*tanl[(e_.) + (f£_.)*(x_)]1"(_))"(p_), x_Symbol]l :> With[{ff

= FreeFactors[Tan[e + f*x], x]}, Dist[(bxff~"n) IntPart[p]*((b*Tan[e + f*x]~
n) “FracPart[pl/(Tan[e + f*x]/ff)~ (n*FracPart([p]l)), Int[ActivateTrig[u]*(Tan
[e + £*x]/£f£)"(n*p), x], x]1] /; FreeQ[{b, e, f, n, p}, x] && !'IntegerQ([p]

&& IntegerQ[n] && (EqQ[u, 11 || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps

/ 1 i — cot(z) [ tan(z) dz
acot?(z) acot?(z)

_ cot(z) log(cos(z))

acot?(z)
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Mathematica [A]
time = 0.01, size = 17, normalized size = 1.00

_ cot(z) log(cos(z))

a cot?(x)
Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[a*Cot[x]~2],x]
[Out] -((Cot[x]*Logl[Cos[x]1])/Sqrt[a*Cot[x]~2])

Maple [A]
time = 0.18, size = 26, normalized size = 1.53

method result size

derivativedivides | @ n(cot?(@)+1)—2ln(cot(z))) 26
2v/a (cot? (z))

default cot(s)(n(cor? () +1) ~21n(eot() 2
NACAO)

risch — (em“)f __i(e*®41) ln(ez‘“‘-l—l) 94
a(e2iT1)2 4 (2 1)? '

S e (s e

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*cot(x)~2)"(1/2),x,method= RETURNVERBOSE)
[Out] 1/2*cot(x)*(1ln(cot(x)~2+1)-2*1n(cot(x)))/(a*cot(x)~2)~(1/2)
Maxima [A]
time = 0.50, size = 12, normalized size = 0.71
log (tan () + 1)
2va

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)~2)~(1/2),x, algorithm="maxima")
[Out] 1/2*log(tan(x)~2 + 1)/sqrt(a)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 45 vs.
2(15) = 30.
time = 2.69, size = 45, normalized size = 2.65

\/_% log (3 cos (2z) + 3) sin (2z)

2(acos(2z) + a)
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(a*cot(x)~2)~(1/2),x, algorithm="fricas")
[Out] -1/2*sqrt(-(a*cos(2*x) + a)/(cos(2*x) - 1))*log(1l/2*cos(2*x) + 1/2)*sin(2+*x

)/ (a*xcos (2%x) + a)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/\/acot2(x) “

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(axcot(x)**2)**x(1/2),x)
[Out] Integral(1/sqrt(a*cot(x)**2), x)

Giac [A]

time = 0.45, size = 19, normalized size = 1.12

B log (|cos (z)])
v/a sgn (cos (x)) sgn (sin (z))

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(a*cot(x)~2)~(1/2),x, algorithm="giac")
[Out] -log(abs(cos(x)))/(sqrt(a)*sgn(cos(x))*sgn(sin(x)))

Mupad [B]
time = 0.29, size = 25, normalized size = 1.47

atan ( vV —a cot(z) )
B Va \/cot (z)”
VvV —a

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*cot(x)~2)~(1/2),x)
[Out] -atan(((-a)~(1/2)*cot(x))/(a~(1/2)*(cot(x)"2)"(1/2)))/(-a)~(1/2)
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3.28 f( L dr

tzcot2(x))3/2
Optimal. Leaf size=39

cot(z) log(cos(x)) 4 tan(z)
a/acot?(x) 2a4/a cot?(x)

[Out] cot(x)*1n(cos(x))/a/(a*cot(x)~2)"(1/2)+1/2*tan(x)/a/(a*cot(x)~2)"(1/2)

Rubi [A]
time = 0.01, antiderivative size = 39, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.300,

steps used = 3, number of rules used = 3, integrand size = 10
Rules used = {3739, 3554, 3556}

tan(zx) 4 cot(x) log(cos(x))
2a+/a cot?(x) a/acot?(x)

Antiderivative was successfully verified.

[In] Int[(a*Cot[x]~2)~(-3/2),x]

[Out] (Cot[x]*Logl[Cos[x]])/(a*Sqrt[axCot[x]~2]) + Tan[x]/(2*a*Sqrt[a*Cot [x]~2])
Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])~(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] & GtQ[n, 1]

Rule 3556

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-Log[RemoveContent[Cos[c + d
*x], x11/4d, x] /; FreeQ[{c, d}, x]

Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (f£_.)*(x_)]1"(n_))~(p_), x_Symbol] :> With[{ff

= FreeFactors[Tan[e + f*x], x]}, Dist[(b*ff~n) IntPart[p]*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (n*FracPart[pl)), Int[ActivateTrig[u]*(Tan
[e + £xx]/£f£)~(n*p), x], x]1] /; FreeQ[{b, e, £, n, p}, x] && !'IntegerQ[p]

&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_ )le + £f*x]1)"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps



/ 1 _ cot(z) [ tan®(z) dz

3/2 -
(acot?(z))” ay/acot?(x)
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tan(z) _ cot(z) [ tan(z) dz

2a\ /a cot?(x) a+/acot?(z)

_ cot(z) log(cos(x)) tan(x)

a+/acot?(z) Qa\ /a cot?(x)

Mathematica [A]
time = 0.03, size = 30, normalized size = 0.77

2 cot(z) log(cos(x)) + csc(x) sec(z)

2a1/a cot?(x)

Antiderivative was successfully verified.

[In] Integrate[(axCot[x]~2)~(-3/2),x]

[Out] (2*Cot[x]*Logl[Cos[x]] + Csc[x]*Sec[x])/(2xa*Sqrt[a*Cot[x]"2])

Maple [A]
time = 0.15, size = 37, normalized size = 0.95
method result size
derivativedivides cot(z) (2In(cot(z)) (cot?(z)) —In (00;2 (z)+1) (cot?(z))+1) 37
2a(cot?(z))) ?
default cot(z) (21n(cot(z)) (cot?(z)) —In (co;2 (z)+1) (cot?(z))+1) 37
2(a(cot?(x))) 2
I‘isch (eziz-l,-l)a; | + 2i62im ‘ + Z(e21z+1) ln(emz—l—l) : 151
a(e?iw41)? ) ) a(e?iw41)? ) a(e?®41)?
afetia 1) \/ — T el \/ — Ty ateeo) \/ — G

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*cot(x)~2)~(3/2),x,method=_RETURNVERBOSE)

[Out] 1/2*cot(x)*(2*1n(cot(x))*cot(x) " 2-1n(cot(x)~2+1)*cot (x) ~2+1)/(a*cot(x)~2) (

3/2)
Maxima [A]
time = 0.50, size = 22, normalized size = 0.56
tan (z)°  log (tan (z)? +1)

3 3
2a2 2a2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)~2)~(3/2),x, algorithm="maxima")
[Out] 1/2%tan(x)~2/a"~(3/2) - 1/2xlog(tan(x)"2 + 1)/a~(3/2)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 74 vs.

2(33) = 66.
time = 5.25, size = 74, normalized size = 1.90

((cos (2z) + 1) log (% cos (2z) + 1) sin (2z) + 2 sin (2z)) \/ _ —ac‘(’)‘;s((;s)jla

2 (a2 cos (2z)” + 2 a2 cos (21) + a?)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)~2)~(3/2),x, algorithm="fricas")
[Out] 1/2*%((cos(2*x) + 1)*log(l/2xcos(2*x) + 1/2)*sin(2*x) + 2*sin(2*x))*sqrt(-(a
xcos (2%x) + a)/(cos(2xx) - 1))/(a"2*cos(2%x) "2 + 2*a~2*xcos(2*x) + a~2)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/ (acot? (z))? o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)**2)**(3/2),x)
[Out] Integral((axcot(x)**2)**x(-3/2), x)

Giac [A]

time = 0.43, size = 46, normalized size = 1.18

24/ a log(|cos(a:)|)+£z
asgn(cos(z))sgn(sin(z))

2a

sgn(sin(z))
Va

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)~2)~(3/2),x, algorithm="giac")
[Out] -1/2%(sgn(sin(x))/sqrt(a) - (2*sqrt(a)*log(abs(cos(x))) + sqrt(a)/cos(x)~2)

/(a*sgn(cos(x))*sgn(sin(x))))/a

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

/ (acot (198)2)3/2 @
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*cot(x)~2)~(3/2),x)
[Out] int(1/(a*cot(x)~2)~(3/2), x)
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3.29 [ (a cot3(z))*? da

Optimal. Leaf size=200

ga\/m+aArcTan<l—f\/cot(x )W aArcTan(l—FfVcot(z )W 5

3 V2 cot? (z) V2 cot? (z) 7

[Out] 2/3*a*(a*cot(x)~3)~(1/2)-2/7*a*cot(x) " 2*(a*cot(x)~3)~(1/2)-1/2*a*arctan(-1+
27 (1/2) *cot (x)~(1/2) )*(a*xcot (x)"3)~(1/2) /cot (x)~(3/2)*2~(1/2)-1/2*a*arctan(
1+27(1/2) *cot (x) " (1/2) ) *(a*cot (x)~3) " (1/2) /cot (x)~(3/2)*2~(1/2)-1/4*a*x1n(1+
cot(x)-2"(1/2)*cot (x)~(1/2))*(a*cot (x)~3)~(1/2) /cot(x)~(3/2)*2~(1/2)+1/4*ax
In(1+cot (x)+27(1/2) *cot (x)~(1/2) ) *(a*xcot (x) ~3)~(1/2) /cot (x)~(3/2)*2~(1/2)

Rubi [A]

time = 0.06, antiderivative size = 200, normalized size of antiderivative = 1.00, number of

steps used = 14, number of rules used = 10, integrand size = 10, number of rules = 1.000,
integrand size

Rules used = {3739, 3554, 3557, 335, 303, 1176, 631, 210, 1179, 642}

ayfacot¥(z) ArcTan(1 - v /cot(z) ) ay/acot®(z) ArcTan(V2 V/oot(z) + 1) 2 —— 2 T
. - - +3a\Jacot’(@) —a cot?(z) \acot?(z) —
V2 coti (z) V2’ coti (z) 3 7

ay/acot?(2) log (cot(z) - V2 v/eot(z) + ) ayfacot’(a) X g( t() + V2 \/cot(z) +1)
2v/2" cot? (z) 2v/2' coti (z)

Antiderivative was successfully verified.
[In] Int([(a*Cot[x]~3)~(3/2),x]

[Out] (2*a*Sqrt[axCot[x]~3])/3 + (axArcTan[1 - Sqrt[2]*Sqrt[Cot[x]]]*Sqrt[axCot [x
1731)/(Sqrt[2]*Cot [x]~(3/2)) - (a*ArcTan[1 + Sqrt[2]*Sqrt[Cot[x]]]*Sqrt[a*C

ot [x]73]1)/(Sqrt[2]*Cot [x]~(3/2)) - (2xa*Cot [x]~2*Sqrt[a*Cot[x]~3])/7 - (a*S

qrt [axCot [x] "3]*Log[1 - Sqrt[2]*Sqrt[Cot[x]] + Cot[x]])/(2*Sqrt[2]*Cot [x]~(

3/2)) + (axSqrt[axCot[x]~3]*Logl[l + Sqrt[2]*Sqrt[Cot[x]] + Cot[x]])/(2*Sqrt
[2]*Cot [x]1~(3/2))

Rule 210

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt[-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

Rule 303

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/D,

211, s = Denominator[Rt[a/b, 211}, Dist[1/(2*s), Int[(r + s*x~2)/(a + b*x"4
), x], x] - Dist[1/(2*s), Int[(r - s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct[SumBaseQ, bl]))

Rule 335
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Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
))7p, x1, x, (c*xx)~(1/k)]1, x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 1176

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2*c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - axe”2, 0] && PosQ[dxe]

Rule 1179

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],

x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d~2 - a*e™2, 0] && NegQ[d*el

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*x(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rule 3739
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Int[(u_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Dist[(b*ff~n) IntPart[p]*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (n*FracPart[pl)), Int[ActivateTrig[u]l*(Tan
[e + £xx]/ff) " (n*p), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&% IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps
/ (acot? ()™ do = (a\/@)@{ cot? (z) dz

2
= —Zacot?®(z)\/acot?(z) — .
2 cot?(z)acot’(@) e

2
- -a cot*(z)1/acotd(z) +

2
= ga\/a cot®(z)

ay/acot?(z) ) Subst ( 1l

gi

vz

1527 4T, T, cot

2
= —ay/acot3(x)

2 2 3
3 = cot”(z)1/a cot®(x)

cot2 (z)

2 2
= —ay/acot?}(z) — -a cot?(x)y/acotd(z) —

ay/acot? Subst
v (

cot2 (z)

1—22
a1 47, T, Ve

3
— %a cot?(z)/acotd(z) +

]

2
= —ay/acot3(x)

@ )
a\/acot?(z) ) Subst ( I

E
(
(20y/acot?(o) ) subst(J 1222 daz, v
(
(

3 cot2 ()
1  dx
2 2 1—\/514—332 ’
= Zay/acot’(x) — Zacot?(z)\/acot®(z) —
3 (=) 7 (@) () 2 cot? (z)

a\/acot?](z) log (1 -2

2
— Zacot?(z)\/acot’(z) —

7
atan™! (1 —2 W) acot?(z) - atan™!

]

2
= ga\/a cot®(z)

]

2v/2' cot: (x)

<1+ﬁ@

2
= —ay/acot3(z) +

3 V2 cot2(z)

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
3 in optimal.

\/5 cot
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time = 0.06, size = 39, normalized size = 0.20

2 3 2 3 . 7._ 2
—g7%y/ acot (z) <—7+3cot () + 72F1 (1,1,4, cot (x))>

Antiderivative was successfully verified.

[In] Integrate[(a*Cot[x]~3)~(3/2),x]
[Out] (-2*axSqrt[axCot[x]~3]*(-7 + 3*Cot[x]~2 + 7*Hypergeometric2F1[3/4, 1, 7/4,
-Cot [x]~2]))/21

Maple [A]
time = 0.22, size = 186, normalized size = 0.93

method result

" 1
(a(cot3(z))) 3 (24(@ cot(z))% (a?) I +42a* \/7 arctan ( \/5 a ((:Ot; gw) () ) 4+42a4 \/E arctan <\/
@2)1

derivativedivides | — 3
84 cot(z)°(a

TR 1
(a(cot3(z))) 3 (24((1 cot(z))% (a?) ZII+42(J,4 \/7 arctan < \/E a cot (x) +(a2> ! ) 442g4 \/5 arctan <\/

(az)zli

default —

84cot(z)3(a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*cot(x)~3)~(3/2),x,method=_RETURNVERBOSE)

[Out] -1/84x*(a*cot(x)~3)~(3/2)*(24*(a*cot(x))~(7/2)*(a~2)~(1/4)+42*xa~4%2~ (1/2)*ar
ctan((27(1/2)*(a*cot (x))~(1/2)+(a"2)~(1/4))/(a~2)~(1/4))+42*xa~4*x2~ (1/2) *arc
tan((27(1/2)*(axcot(x))~(1/2)-(a"2)"(1/4))/(a"2)~(1/4) ) +21*a~4*2~(1/2) *1n ((
axcot(x)-(a"2)~(1/4)*(a*cot(x))~(1/2)*2~(1/2)+(a~2)~(1/2))/(a*xcot (x)+(a~2)~
(1/4)*(a*xcot (x))~(1/2)*2~(1/2)+(a"2)~(1/2)))-56%a~2*(a*xcot (x))~(3/2)*(a"2)~
(1/4)) /cot (x)~3/(a*cot (x))~(3/2)/a~2/(a~2)~(1/4)

Maxima [A]
time = 0.51, size = 113, normalized size = 0.56

243 _ 243
3tan(z)? 7 tan(z)

2VT Va arcton (S VE (VT +2/ian(@)') ) +2 v va axctan |~ v (VZ —2 i (@) ) ) + VE va log (VZ Viam (@) + tan (@) +1) - VZ va log (~vZ vian (@) +tan(z) +1) )a+
2 2

T
B

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(x)~3)~(3/2),x, algorithm="maxima")

[Out] 1/4*(2*sqrt(2)*sqrt(a)*arctan(1/2*sqrt(2)*(sqrt(2) + 2*sqrt(tan(x)))) + 2xs
qrt (2)*sqrt(a)*arctan(-1/2*sqrt (2) *(sqrt(2) - 2xsqrt(tan(x)))) + sqrt(2)*sq
rt(a)*log(sqrt(2)*sqrt(tan(x)) + tan(x) + 1) - sqrt(2)*sqrt(a)*log(-sqrt(2)
xsqrt(tan(x)) + tan(x) + 1))*a + 2/3%a~(3/2)/tan(x)~(3/2) - 2/7*a~(3/2)/tan
(x)~(7/2)



Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(x)~3)~(3/2),x, algorithm="fricas")
[Out] Timed out
Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/ (acot?® (z))

3
2

dz

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((axcot(x)**3)**(3/2),x)

[Out] Integral((a*xcot(x)**3)**(3/2), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(x)~3)7(3/2),x, algorithm="giac")
[Out] integrate((a*xcot(x)~3)~(3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (acot(x)?) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*cot(x)~3)~(3/2),x)
[Out] int((a*cot(x)~3)~(3/2), x)

160
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3.30 [ acotd(z) dx

Optimal. Leaf size=176

ArcTan(l — 2 W) \/acot3(x)
- V2 cot? (z)

ArcTan<1 + V2 /cot(z) ) \/CLCot3(x)‘ \/a Cot3($)‘ log (
+ V2 cot? (z) - 2

[Out] 1/2*arctan(-1+2"(1/2)*cot(x)~(1/2))*(a*cot(x)~3)~(1/2)/cot(x)~(3/2)*2~(1/2)
+1/2*arctan(1+27(1/2) *cot (x) ~(1/2) ) *(a*xcot (x)~3)~(1/2) /cot (x) ~(3/2)*2~(1/2)
-1/4%1n(1+cot (x)-2"(1/2) *cot (x) ~(1/2) ) *(a*cot (x)~3)~(1/2) /cot (x) ~(3/2)*2" (1
/2)+1/4x1n(1+cot (x)+27(1/2) *cot (x) ~(1/2) ) *(a*cot (x)~3) " (1/2) /cot (x) ~(3/2) *2
~(1/2)-2*(a*cot(x)~3) "~ (1/2)*tan(x)

Rubi [A]
time = 0.06, antiderivative size = 176, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 1.000,

Rules used = {3739, 3554, 3557, 335, 217, 1179, 642, 1176, 631, 210}

steps used = 13, number of rules used = 10, integrand size = 10

y/acot?(z) ArcTan(l -2 \/W) \/acot®(z) ArCTan(\/E Veot(z) + 1) —Ztan(z)\/m R acot’(z) log (cot(z) — V2 Jeot(z) + 1) [acot?(z) log (cut(z) +v2' Veot(z) + 1)

V2' cot? (z) * V2 cot? () 2v/2" cot? (z) * 2v/2' cot? (z)

Antiderivative was successfully verified.
[In] Int[Sqrt[axCot[x]~3],x]

[Out] -((ArcTan[1 - Sqrt[2]*Sqrt[Cot[x]]]1*Sqrt[axCot[x]~3]1)/(Sqrt[2]*Cot [x]~(3/2)
)) + (ArcTan[1 + Sqrt[2]*Sqrt[Cot[x]]]*Sqrt[a*Cot[x]~3])/(Sqrt[2]*Cot[x]~(3

/2)) - (Sqrtl[a*Cot[x]~3]*Logl[l - Sqrt[2]*Sqrt[Cot[x]] + Cot[x]])/(2+Sqrt[2]

*Cot [x]~(3/2)) + (Sqrt[axCot[x]~3]*Logl[l + Sqrt[2]*Sqrt[Cot[x]] + Cot[x]])/
(2xSqrt [2] *Cot [x]~(3/2)) - 2#Sqrt[a*Cot [x] ~3]*Tan [x]

Rule 210

Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] [l LtQ[b, 0])

Rule 217

Int[((a)) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
1, s = Denominator[Rt[a/b, 211}, Dist[1/(2*r), Int[(r - s*x~2)/(a + b*x"4),
x], x] + Dist[1/(2xr), Int[(r + s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a, b
}, x] & (GtQl[a/b, 0] || (PosQ[a/b]l && AtomQ[SplitProduct[SumBaseQ, all &&
AtomQ[SplitProduct [SumBaseQ, bl]))

Rule 335
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Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
D7p, x1, x, (c*xx)~(1/k)]1, x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 1176

Int[((d)) + (e_.)*(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2%c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - a*e”2, 0] && PosQ[dxe]

Rule 1179

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],

x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQ[c*d~2 - a*e™2, 0] && NegQ[d*el

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*x(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x72), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rule 3739



163

Int[(u_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Dist[(bxff~n) IntPart[p]*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (n*FracPart[pl)), Int[ActivateTrig[u]l*(Tan
[e + £xx]/ff)"(n*p), x], x]] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&% IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps

/de: \/Mfcot%(x)dz

cot2(z)
\acotd(z) [————dzx
= —24/acot®(z) tan(z) — - g(z)cot(m)

= —2\/acot’(z) tan(z) + ocolte)su (C‘i tw d"”’m’cot(m)>

24/acot?(x) | Subst( [ 5 dx, z, \/cot(x)
= —24/acot®(z) tan(z) + ( t ) C;g{x) t >

\/ acot®(z) Subst( ;—zzdz’,x, cot(x) ) \/acot?(z) S
= —24/acot’(x) tan(z) +

3 +
cotz ()

\/ acot3(z) Subst (f T dz, z, \/cot(z) > aco
= _2 t3 t + 1-— . z+x? +
\/acot*(z) tan(x) 2c0t (2)

\/acot3(z) log <1 — V2 \/eot(z) + cot(x)) acot3(x) log (1 + /2 y/cot(z

_|_

- 2v/2 cot?(z) 2v/2 cot(z )
(1—f\/F> \/acotd(z <1+f\/cot ) \/acot?(z
T V2 cots (z) + V2 cot2(z) |

Mathematica [A]
time = 0.10, size = 122, normalized size = 0.69

acot’(z) (ZﬁArcTan(l -V2 \/W) - ZﬁArcTan(l +v2 \/(W) +8y/cot(z) + V2 log ( - V2 /eot(z) + cot(z)) —V2'log (1 + V2 \/cot(z) +cot(z)))

4cot? (z)

Antiderivative was successfully verified.
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[In] Integrate[Sqrt[a*Cot[x]~3],x]

[Out] -1/4%(Sqrt[axCot[x]~3]*(2*Sqrt[2]*ArcTan[1 - Sqrt[2]*Sqrt[Cot[x]]] - 2*Sqrt
[2]*ArcTan[1 + Sqrt[2]*Sqrt[Cot[x]]] + 8xSqrt[Cot[x]] + Sqrt[2]*Log[l - Sqr
t[2]*Sqrt [Cot [x]] + Cot[x]] - Sqrt[2]*Logl[1l + Sqrt[2]*Sqrt[Cot[x]] + Cot[x]

1)) /Cot [x]17(3/2)

Maple [A]
time = 0.19, size = 162, normalized size = 0.92

method result

2 (ot (@) ( 2iyT (aco«m ) acot (z) ﬂf) @l ﬁ<ﬁv

derivativedivides rene) Ja oot (3
2\ % N 1
a (COt3 (.’L')) ( 2) \/5‘ In <acot(:v)+ a )211 a cot (fL') | ﬁ+ a )+2(a2)4 \/5‘ arctan(\/g \/
default a cot(x) (a2) 4 \/a COt (:L') \/5-4— V a2
4 cot(z) \/CL cot (113

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*cot(x)~3)~(1/2),x,method=_ RETURNVERBOSE)

[Out] 1/4*%(a*cot(x)~3)~(1/2)*((a~2)~(1/4)*2~(1/2)*1n((a*xcot(x)+(a~2)~(1/4)*(a*xcot
(x))~(1/2)*27(1/2)+(a~2)~(1/2)) / (a*cot (x)-(a~2) ~(1/4) * (a*cot (x) ) ~(1/2)*2~ (1
/2)+(a~2)"(1/2)))+2%(a"2) " (1/4)*2~(1/2) *arctan((2~(1/2) *(a*cot (x) ) ~(1/2)+(a
~2)°(1/4))/(a~2)~(1/4))+2x(a~2) ~(1/4)*2~(1/2) *arctan((2~(1/2) *(a*cot (x) )~ (1
/2)-(a"2)~(1/4))/(a~2)~(1/4))-8%(a*cot (x))~(1/2)) /cot (x) /(a*xcot (x))~(1/2)

Maxima [A]
time = 0.51, size = 94, normalized size = 0.53

(2\/_‘ ta.u( (\/_‘+2\/ )>+2\/_‘art ( (\/_‘ ZW)) ﬁlog(ﬁ\/m+tan(z)+1>+\/2ﬁ10g<7\/5‘ tan (z) +tm(z)+1>)ﬁ—m
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(x)~3)~(1/2),x, algorithm="maxima")

[Out] -1/4%(2*sqrt(2)*arctan(1/2*xsqrt(2)*(sqrt(2) + 2*sqrt(tan(x)))) + 2*sqrt(2)*
arctan(-1/2*sqrt(2)*(sqrt(2) - 2*sqrt(tan(x)))) - sqrt(2)*log(sqrt(2)*sqrt(
tan(x)) + tan(x) + 1) + sqrt(2)*log(-sqrt(2)*sqrt(tan(x)) + tan(x) + 1))*sq
rt(a) - 2*xsqrt(a)/sqrt(tan(x))

Fricas [F(-1)] Timed out

time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a*cot(x)~3)~(1/2),x, algorithm="fricas")
[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ \/acot® (z) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axcot(x)**3)**x(1/2),x)
[Out] Integral(sqrt(axcot(x)**3), x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(x)~3)~(1/2),x, algorithm="giac")
[Out] integrate(sqrt(axcot(x)~3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ \/acot (z)® dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*cot(x)~3)~(1/2),x)
[Out] int((a*cot(x)~3)~(1/2), x)
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3.31 dx

1
/ v acot3(z)
Optimal. Leaf size=176

2 cot () _ArcTan(l — V2" \/cot(x) ) cotg(x)+ArcTan<1 + V2 /cot(z) ) cotg(w)_'_cotg(z) log (1 -
a cot3(x) V2 y/acot’(z) V2 y/acot’(z) 2V/°

[Out] 2*cot(x)/(a*xcot(x)~3)~(1/2)+1/2*arctan(-1+2"(1/2)*cot(x)~(1/2))*cot(x)~(3/2
)*27(1/2) / (a*cot (x)~3) " (1/2)+1/2*arctan(1+27(1/2) *cot (x) ~(1/2) ) *cot (x) ~(3/2
)*27(1/2) / (axcot (x)~3)~(1/2)+1/4*cot (x) ~(3/2) *1n(1+cot (x)-2"(1/2) *cot (x)~ (1
/2))*27(1/2)/ (a*cot (x)"3) " (1/2)-1/4*cot (x) " (3/2) *1n(1+cot (x)+27(1/2) *cot (x)
~(1/2))*27(1/2)/ (a*cot (x)~3)~(1/2)

Rubi [A]

time = 0.06, antiderivative size = 176, normalized size of antiderivative = 1.00, number of

_ _ : . number of rules __
steps used = 13, number of rules used = 10, integrand size = 10, integrand size — 1.000,

Rules used = {3739, 3555, 3557, 335, 303, 1176, 631, 210, 1179, 642}

cot%(z)ArcTan<1 — V2 \/cot(z) ) cot%(z)ArcTan(\/f Veot(z) + 1) 2 cot(z) cot?(z) log (cot(z) — V2 eot(z) + 1) cot? (z) log (cot(z) + V2 eot(z) + 1)
+ + + -

V2 ¢acot3(z)‘ \/Zﬁ\/acoﬁ(m)‘ \/acots(z)‘ 2v2' \/acot:‘(z)‘ 2v2' \/acot:‘(z)‘

Antiderivative was successfully verified.
[In] Int[1/Sqrt[a*Cot[x]~3],x]

[Out] (2xCot([x])/Sqrt[axCot[x]~3] - (ArcTan[1 - Sqrt[2]*Sqrt[Cot[x]]]*Cot[x]~(3/2
))/(Sqrt [2]*Sqrt [a*Cot [x]~3]) + (ArcTan[1 + Sqrt[2]*Sqrt[Cot[x]1]1]1*Cot[x]~(3
/2))/(Sqrt[2]*Sqrt [a*xCot [x]~3]) + (Cot[x]~(3/2)*Logl[l - Sqrt[2]*Sqrt[Cot [x]

1 + Cot[x]])/(2%Sqrt[2]*Sqrt [a*xCot[x]~3]) - (Cot[x]~(3/2)*Logl[l + Sqrt[2]*S

qrt [Cot [x]] + Cot[x]])/(2xSqrt[2]*Sqrt[a*Cot[x]~3])

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]1*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 0])

Rule 303

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[a/D,

211, s = Denominator[Rt[a/b, 211}, Dist[1/(2*s), Int[(r + s*x~2)/(a + b*x"4
), x], x] - Dist[1/(2*s), Int[(r - s*x~2)/(a + b*x~4), x], x]] /; FreeQ[{a,
b}, x] && (GtQla/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &
& AtomQ[SplitProduct[SumBaseQ, bl]))
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Rule 335

Int[((c_.)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
))7p, x1, x, (cxx)"(1/k)], x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4x*axc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xcxd - bxe, 0]

Rule 1176

Int[((d)) + (e_.)*(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2*%c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - a*e™2, 0] && PosQ[dxe]

Rule 1179

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],

x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQlcxd~2 - a*e”2, 0] && NegQ[dxe]

Rule 3555

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(b*Tan[c + d*x]
)"(m + 1)/(bxd*(n + 1)), x] - Dist[1/b~2, Int[(b*Tan[c + d*x])~(n + 2), x],
x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]
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Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (f£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff

= FreeFactors[Tan[e + f*x], x]}, Dist[(bxff~"n) IntPart[p]*((b*Tan[e + f*x]~
n) “FracPart([p]/(Tan[e + f*x]/ff)~(n*xFracPart[p])), Int[ActivateTrig[ul*(Tan
[e + £xx]/£ff)~(n*p), x], x]1] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]

&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])~"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps

3 1
cot%m)fmdx

1
——dx =
/ \/acot3(x) \/acot3(x)

2cot(z) cot? () [ v/cot(x) dz

a cot®(z) acot?(z)
3 \/.,?.
_ 2cot(z) N cot? (z)Subst | [ 1742 47, T, COt(x))
acot?(z) acot?(z)

2 cot(z) (2 cot%(x)> Subst (f 1114 dz, z, \/cot(z) )

a cot3(x) " \/acot3(x)

144

144

2 cot(z) cot? ()Subst <f 1=2% g, z, \/cot () ) cot%(a:)Subst< 2% o, 2, +

= — +

a cot3(x) a cot3(x)

2 cot(z)

\/acot3(x)

. cot2 (z)Subst (fﬁdw,x, W) cot (z)Subst (fm

_|_

+a2
acot?(z) 21/ acot®(z)

24¢/a

acot?(z) 2v/2 \/a cot?(z)

2 cot(z) N cot%(x) log (1 —V2 Veot(z) + cot(x)) cot%(x) log (1 +2 \/5

2v/2" \/a cot?|

eot(e) _ton! (1 V2 Veollo) ot a) | tan? (14 V2 yeol(a) ) cot

acot?(z) V2 y/acot?(z) ' V2 y/acot?(x)

Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order
3 in optimal.
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time = 0.01, size = 28, normalized size = 0.16

2cot(z) o F1 (—3, 15 3; — cot?(z))

a cot?(z)

Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[a*Cot[x]~3],x]
[Out] (2xCot[x]*Hypergeometric2F1[-1/4, 1, 3/4, -Cot[x]~2])/Sqrt[a*Cot [x]~3]

Maple [A]
time = 0.26, size = 161, normalized size = 0.91

method result
1 /
acot(xz)— a2 4 a,COt (m) \/5-}— a2 ’
cot(z) \/5\/(1001] T ln< @ ( ) ‘ +2\/§ v/ acot () arctan| -
derivativedivides ( @ ecoro)t (o) 1 /acot (z) V2 +v/a? @)
1+/a (cot® (z

a cot(z)+(a2) \/a cot () V2 Va2

cot(x)<\/§ v acot (x) 1n<“°t(’”)_(a2)ziI a cot (z) \/?H/C?)m\/? Vacot (z) arctan<'

default
e 1+/a (cot® (z

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*cot(x)~3)~(1/2),x,method=_RETURNVERBOSE)

[Out] 1/4*cot(x)*(27(1/2)*(a*cot(x))~(1/2)*1n((a*cot(x)-(a"2)"(1/4)*(a*cot(x))~(1
/2)%27(1/2)+(a"2)"(1/2))/(a*cot (x)+(a~2) " (1/4) * (a*xcot (x)) ~(1/2)*2~(1/2)+(a"
2)7(1/2)))+2%27(1/2) *(a*cot (x)) ~(1/2)*arctan((2~(1/2) *(a*cot (x))~(1/2)+(a"2
)~(1/4))/(a~2)~(1/4))+2%2~ (1/2) *(a*cot (x) ) ~(1/2) *arctan ((27(1/2) * (a*cot (x))
~(1/2)-(a"2)"(1/4))/(a"2)~(1/4))+8%(a~2)~(1/4) )/ (a*xcot(x)"3)~(1/2)/(a"2)~(1

/4)

Maxima [A]

time = 0.50, size = 94, normalized size = 0.53

Qﬁarctm(%\/f(\/i +2\/MIIT)))+2ﬁarctm(7%ﬁ(ﬁ*2mp+ﬁlog(\/f\/m+tan(z)+l)7\/2ﬂlog(f\/2ﬂ\/m+tan(z)+l> +2@
4+va a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)~3)~(1/2),x, algorithm="maxima")

[Out] -1/4%(2xsqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) + 2xsqrt(tan(x)))) + 2*sqrt(2)*
arctan(-1/2*sqrt(2) *(sqrt(2) - 2xsqrt(tan(x)))) + sqrt(2)*log(sqrt(2)*sqrt(
tan(x)) + tan(x) + 1) - sqrt(2)*log(-sqrt(2)*sqrt(tan(x)) + tan(x) + 1))/sq
rt(a) + 2xsqrt(tan(x))/sqrt(a)



Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)~3)~(1/2),x, algorithm="fricas")
[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/\/acot?’(x) “

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(axcot(x)**3)**x(1/2),x)
[Out] Integral(1l/sqrt(a*cot(x)**3), x)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)~3)~(1/2),x, algorithm="giac")
[Out] integrate(1/sqrt(a*cot(x)~3), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1
/ \/acot (z)° “

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*cot(x)~3)"(1/2),x)
[Out] int(1/(a*cot(x)~3)~(1/2), x)

170
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3.32 f( L dr

tzcot3(x))3/2

Optimal. Leaf size=212

9 ArcTan(l — V2 y/cot() ) cotg(a:)_ArcTan<1 + V2 \/cot(z) ) cotz(z) cotz(z)lo

- -

_3a\ /a cot?(z) V2 a1/ acot?(z) V2 a\/acotd(x)

[Out] -2/3/a/(a*cot(x)~3)~(1/2)-1/2*arctan(-1+2"(1/2)*cot (x)~(1/2))*cot (x)~(3/2)/
a*x2~(1/2) /(axcot (x)~3)~(1/2)-1/2*arctan(1+2~(1/2) *xcot (x) ~(1/2) ) *cot (x) ~(3/2
)Y/ax2~(1/2) /(a*cot(x) ~3)~(1/2)+1/4*cot (x)~(3/2) *In(1+cot (x)-2"(1/2) *cot (x)~
(1/2))/a*x2~(1/2) /(a*cot (x)~3)~(1/2)-1/4*cot (x)~(3/2) *1n(1+cot (x)+2~(1/2) *co
t(x)~(1/2))/a*2~(1/2)/ (a*cot (x)~3) " (1/2)+2/7*tan(x) ~2/a/ (a*xcot (x)~3)~(1/2)

Rubi [A]

time = 0.07, antiderivative size = 212, normalized size of antiderivative = 1.00, number of

_ _ : o number of rules __
steps used = 14, number of rules used = 10, integrand size = 10, integrand size — 1.000,

Rules used = {3739, 3555, 3557, 335, 217, 1179, 642, 1176, 631, 210}

cnt%(z)ArcTan(l — V2 \/cot(z) ) cot%(z)ArcTan(\/f Veot(z) + 1) 9 2 tan?(z) cot3 (z) log (cot(z) - V2 Jeot(z) + 1) cot (z) log (cot(z) + V2 eot(z) + 1)
+ + -

ﬁa\/acots(z) ﬁa\/a cot®(z) - 3a \/a cot?(z) 7a\/a cot?(z) Qﬁa\/a cot?(z) Zﬁa\/a cot?(z)

Antiderivative was successfully verified.
[In] Int[(a*Cot[x]"3)~(-3/2),x]

[Out] -2/(3*a*Sqrt[a*xCot[x]~3]) + (ArcTan[1l - Sqrt[2]*Sqrt[Cot[x]]1]*Cot[x]~(3/2))
/ (Sqrt [2] *a*Sqrt [a*Cot [x]~3]) - (ArcTan[1 + Sqrt[2]*Sqrt[Cot[x]]]*Cot[x]~(3
/2))/(Sqrt[2] *axSqrt [a*xCot [x]~3]) + (Cot[x]~(3/2)*Logl[l - Sqrt[2]*Sqrt[Cot[

x]] + Cot[x]])/(2%Sqrt[2]*a*Sqrt [a*Cot [x]~3]) - (Cot[x]1~(3/2)*Logl[l + Sqrt[

2] *Sqrt [Cot [x]] + Cot[x]1])/(2*Sqrt[2]*a*Sqrt [a*xCot [x]~3]) + (2*Tan[x]~2)/(7
*xa*Sqrt [a*Cot [x] ~3])

Rule 210

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]1*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 0] [l LtQ[b, 0]1)

Rule 217

Int[((a)) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[a/b, 2]
], s = Denominator[Rt[a/b, 2]]1}, Dist[1/(2*r), Int[(r - s*x~2)/(a + b*x"4),
x], x] + Dist[1/(2*r), Int[(r + s*x~2)/(a + bxx~4), x], x]] /; FreeQ[{a, b
}, x] && (GtQ[a/b, 0] || (PosQ[a/b] && AtomQ[SplitProduct[SumBaseQ, all &&
AtomQ[SplitProduct [SumBaseQ, bl]))
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Rule 335

Int[((c_.)*(x_))"(m )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol]l :> With[{k =
Denominator[m]}, Dist[k/c, Subst[Int[x~(k*(m + 1) - 1)*(a + b*x(x~(k*n)/c"n
))7p, x1, x, (cxx)"(1/k)], x1]1 /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && F
ractionQ[m] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 631

Int[((a)) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[ax(c/b~2)]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + 2*c*(x/b)
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xcxd - bxe, 0]

Rule 1176

Int[((d)) + (e_.)*(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
2x(d/e), 2]}, Dist[e/(2*%c), Int[1/Simp[d/e + gq*x + x~2, x], x], x] + Dist[e
/(2%c), Int[1/Simp[d/e - q*x + x~2, x], x], x]] /; FreeQ[{a, c, d, e}, x] &
& EqQlc*d™2 - a*e™2, 0] && PosQ[dxe]

Rule 1179

Int[((d)) + (e_.)*x(x_)"2)/((a_) + (c_.)*(x_)"4), x_Symbol] :> With[{q = Rt[
-2%(d/e), 2]}, Distle/(2%c*q), Int[(q - 2*x)/Simp[d/e + g*x - x72, x], x],

x] + Dist[e/(2*cxq), Int[(q + 2*x)/Simp[d/e - g*x - x~2, x], x], x]] /; Fre
eQl{a, c, d, e}, x] && EqQlcxd~2 - a*e”2, 0] && NegQ[dxe]

Rule 3555

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[(b*Tan[c + d*x]
)" + 1)/(bxd*(n + 1)), x] - Dist[1/b~2, Int[(b*Tan[c + d*x])~(n + 2), x],
x] /; FreeQ[{b, c, d}, x] && LtQ[n, -1]

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]



173

Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1"(n))"(p_), x_Symbol]l :> With[{ff

= FreeFactors[Tan[e + f*x], x]}, Dist[(bxff~"n) IntPart[p]*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (n*FracPart[pl)), Int[ActivateTrig[u]*(Tan
[e + £*x]/£f£)"(n*p), x], x]1] /; FreeQ[{b, e, f, n, p}, x] && !'IntegerQ([p]

&& IntegerQ[n] && (EqQ[u, 11 || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps
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Mathematica [C] Result contains higher order function than in optimal. Order 5 vs. order

3 in optimal.
time = 0.01, size = 30, normalized size = 0.14

2 cot(z) oF (—1,1; —2; — cot?(z))
7 (a cot3(z))*/*

Antiderivative was successfully verified.

[In] Integrate[(a*Cot[x]~3)~(-3/2),x]
[Out] (2*Cot [x]*Hypergeometric2F1[-7/4, 1, -3/4, -Cot[x]172])/(7*(a*Cot[x]~3)~(3/2
))

Maple [A]
time = 0.20, size = 185, normalized size = 0.87

method result

\/ a cot V2 —acor)-V a2

2
cot@)(m(aa)%\/? <acot<w>>%ln< eor(e+(e V“c"t(x ) V2.Va )+42( 11v/2 (@cot(a))

derivativedivides | — 8
/ )

cot(x) | 21(a2) 4 /2 “’“““””gl‘l( o aCOt (z ) V2VE ) T (et
\/a COt 2 —acot(z)— a2

default — 8

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*cot(x)~3)~(3/2),x,method=_RETURNVERBOSE)

[Out] -1/84*cot(x)/a~4*(21*%(a~2) " (1/4)*2~(1/2)*(a*xcot (%))~ (7/2)*1n(-(a*cot (x)+(a~
2)~(1/4)*(axcot(x))~(1/2)*2~(1/2)+(a~2)~(1/2))/((a~2)~(1/4) * (a*cot (x) ) ~(1/2
)*x27(1/2)—axcot (x)-(a~2)~(1/2)))+42x(a~2) " (1/4)*2~ (1/2) * (a*xcot (x) ) ~(7/2) *xar
ctan((27(1/2)*(a*xcot (x))~(1/2)+(a~2)~(1/4))/(a~2)~(1/4))+42x(a~2)~(1/4) %2~ (
1/2)*(a*cot (x) )~ (7/2)*arctan((27(1/2) *(a*xcot(x))~(1/2)-(a~2)~(1/4))/(a~2)~(
1/4))+56%a~4*cot (x) ~2-24*a~4)/(axcot (x)~3)~(3/2)

Maxima [A]
time = 0.52, size = 109, normalized size = 0.51

Zﬁarctan( (f+2\/—‘>)+2f tan( (ﬁ—?m)) flg(fﬁ-%—t +1)+flg( V2 \/tan (z) + tan +1) 2(3\/<7Lan(z)%—7\/47tan(z)%)

21a?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)~3)~(3/2),x, algorithm="maxima")

[Out] 1/4*%(2*sqrt(2)*arctan(1/2*sqrt(2)*(sqrt(2) + 2*sqrt(tan(x)))) + 2*sqrt(2)*a
rctan(-1/2*sqrt(2)*(sqrt(2) - 2*sqrt(tan(x)))) - sqrt(2)*log(sqrt(2)*sqrt(t
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an(x)) + tan(x) + 1) + sqrt(2)*log(-sqrt(2)*sqrt(tan(x)) + tan(x) + 1))/a~(
3/2) + 2/21*%(3*sqrt(a)*tan(x)~(7/2) - 7*sqrt(a)*tan(x)~(3/2))/a"2

Fricas [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(a*cot(x)~3)~(3/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/ (acot? (z))? &

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/(a*cot(x)**3)**(3/2),x)
[Out] Integral((axcot(x)**3)**x(-3/2), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)~3)~(3/2),x, algorithm="giac")
[Out] integrate((a*cot(x)~3)"(-3/2), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/ (acot (1310)3)3/2 @

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*cot(x)~3)~(3/2),x)
[Out] int(1/(a*cot(x)~3)~(3/2), x)



176

3.33 [ (a cotd(z))*? da

Optimal. Leaf size=70

%a cot(z)y/a cot?(x) —éa cot?(x) \/a cot*(z) _a \/a cot*(z) | tan(z)—az\/acot(z) tan®(z)

[Out] 1/3*axcot(x)*(a*xcot(x)~4)~(1/2)-1/5*a*xcot (x) ~3*(a*cot(x)~4) " (1/2)-a*x(a*xcot(
x)"4) "~ (1/2)*tan(x)-a*x* (a*cot (x) ~4) " (1/2)*tan(x) "2

Rubi [A]
time = 0.02, antiderivative size = 70, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.300,

steps used = 5, number of rules used = 3, integrand size = 10
Rules used = {3739, 3554, 8}

1 1
39 cot(x)y/acot(z) — £a cot®(z)y/acot*(x) — axtan®(z)\/acot*(z) — atan(x)/acot(z)

Antiderivative was successfully verified.
[In] Int([(a*xCot[x]~4)~(3/2),x]

[Out] (a*Cot[x]*Sqrt[axCot[x]~4])/3 - (axCot[x]~3*Sqrt[a*Cot[x]~4])/5 - a*Sqrt[ax*
Cot [x] "4]*Tan[x] - axx*Sqrt[a*Cot [x]~4]*Tan[x] "2

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*x((b*Tan[c + d
*x])"(n - 1)/(d*x(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (f£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Dist[(b*ff~n) IntPart[p]*((b*xTan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)  (nxFracPart[p])), Int[ActivateTrig[ul*(Tan
[e + £xx]/£ff)~(n*p), x], x]1] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&% IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_ )le + fxx]1)"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps
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/(aco1:4(:lc))3/2 dx = (a\/acot‘*(x) tanz(x)> /cotﬁ(x) dx
= —%a cot®(z)/acoti(z) — <a\ /a cot*(x) tan2(x)> /cot4(m) dz
— %a cot(z)y/acott(z) — %a cot?(x)y/acott(z) + <a\/acot4(x) tanQ(x)) /cotQ(:
= %a cot(z)/acot*(z) — %a cot®(x)y/acoti(z) — ay/acot(z) tan(x) — (a\/@
= %a cot(z)/acot*(z) — %a cot®(x)y/acoti(z) — ay/acot(z) tan(zx) — ax\/@

Mathematica [A]
time = 0.10, size = 39, normalized size = 0.56

_% (a cot4(x))3/2 (152 + cot(x) (23 — 11 csc?(z) + 3csc?(z))) tan®(z)

Antiderivative was successfully verified.

[In] Integrate[(a*Cot[x]~4)~(3/2),x]

[Out] -1/15%((a*xCot[x]~4)"(3/2)*(15*%x + Cot[x]*(23 - 11*Csc[x]"2 + 3*Csc[x]~4))x*T
an[x]~6)

Maple [A]
time = 0.16, size = 40, normalized size = 0.57

method result size
derivativedivides (a(cot*(z))) 3 (—3(cot5(z))+5 (cot?’(z))—i—;%—lf) arccot(cot(z))—15 cot(z)) 40
15 cot(z)
default (a(cot4<w>>>g<—3<C°t5<x>)+5(Cjtssfft)()$? wseelont}) Dot 40
a(e¥w—_1)? %ﬁ T 2ay | 'f;;—zjf)lii (45 €87 —90 %97 1140 e*i* —70 2% +23)
risch (@1 + 5@ ) (@ 1) 119

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*xcot(x)~4)~(3/2),x,method=_RETURNVERBOSE)

[Out] 1/15%(a*xcot(x)~4)~(3/2)*(-3*cot(x) ~5+bxcot (x) ~3+15/2*%Pi-15%arccot (cot(x))-1
5%cot(x))/cot(x)"6
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Maxima [A]
time = 0.60, size = 37, normalized size = 0.53

(NI

e 1542 tan (z)* — 5a2 tan (z)> + 3a
15 tan (z)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(x)~4)~(3/2),x, algorithm="maxima")

[Out] -a~(3/2)*x - 1/15x(15%a~(3/2)*tan(x)~4 - 5*a~(3/2)*tan(x)"2 + 3*a~(3/2))/ta
n(x)~5

Fricas [A]
time = 1.87, size = 110, normalized size = 1.57

acos (2z)° + 2acos (2) +a
cos (2z)® — 2 cos (2z) + 1

(23 acos (2z)* —acos(2z)* —11acos (2z) + 15 (az cos (2 z)? — 2azcos (2z) + az)sin (2z) + 13q) \/

15 (cos (2z)° — 1) sin (21)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(x)~4)~(3/2),x, algorithm="fricas")

[Out] 1/15%(23*%axcos(2*x)~3 - a*cos(2*x)~2 - 11lxaxcos(2xx) + 15x(a*xx*cos(2*x)"2 -
2*kaxxxcos (2*%x) + a*x)*sin(2xx) + 13*a)*sqrt((a*xcos(2*x)~2 + 2xa*cos(2*x) +
a)/(cos(2xx) "2 - 2%cos(2*x) + 1))/((cos(2*xx)~"2 - 1)*sin(2%*x))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (acot* (z))

3
2

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axcot(x)**4)**(3/2),x)
[Out] Integral((axcot(x)**4)**x(3/2), x)

Giac [A]
time = 0.42, size = 57, normalized size = 0.81

1 1\° 1\° 330 tan (L 2)* — 35 tan (1 2)* + 3 1
<3tan (m) — 35 tan (23:) —480x — an(2x) ?n(2x) + 330 tan (230) a%

480 2 tan (1 z)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(x)~4)~(3/2),x, algorithm="giac")
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[Out] 1/480*(3*tan(1/2*x)"5 — 35%tan(1/2%x)~3 - 480*x - (330*%tan(1/2*x)"4 - 35%*ta
n(1/2*x)"2 + 3)/tan(1/2*x)"5 + 330*tan(1/2*x))*a~(3/2)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (acot(x)*) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*cot(x)~4)~(3/2),x)
[Out] int((a*cot(x)~4)~(3/2), x)
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3.34 [ \acoti(z) dx

Optimal. Leaf size=32

—+/acot(x) tan(z) — zy/acot*(z) tan’(x)

[Out] -(axcot(x)~4)~(1/2)*tan(x)-x*(a*cot(x)~4)~(1/2)*tan(x) "2

Rubi [A]
time = 0.01, antiderivative size = 32, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.300,

steps used = 3, number of rules used = 3, integrand size = 10,
Rules used = {3739, 3554, 8}

—ztan?®(x)\/acot*(z) — tan(z)y/acot*(x)

Antiderivative was successfully verified.

[In] Int[Sqrt[a*Cot[x]~4],x]

[Out] -(Sqrt[axCot[x]~4]*Tan[x]) - x*Sqrt[a*Cot[x]~4]*Tan[x]"2
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*x((b*Tan[c + d
*x])"(m - 1)/@@*(n - 1))), x] - Dist[b"2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (f£_.)*(x_)1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Dist[(bxff~n) IntPart[p]*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (n*FracPart[p])), Int[ActivateTrig[u]*(Tan
[e + £xx]/£ff)~(n*p), x], x]1] /; FreeQ[{b, e, f, n, p}, x] && !IntegerQ[p]
&& IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_)[e + f*x])"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps



/ acoti(z) dr = ( acot?(z) tan2(x)> / cot?(z) dz
tan(z) — ( 0 cot(z) tan2(ac)) / 1 do

= — a,cot4(:c) tan(z) — m\/acot‘L(CE) tan2(.’17)

= —1/acot(x)

i

Mathematica [A]
time = 0.01, size = 20, normalized size = 0.62

!

—1/acot*(x) (z + cot(x)) tan®(z)

Antiderivative was successfully verified.

[In] Integrate[Sqrt[a*Cot[x]~4],x]
[Out] -(Sqrt[axCot[x]~4]*(x + Cot[x])*Tan[x]"2)

Maple [A]
time = 0.16, size = 27, normalized size = 0.84

method result size
4 T _arccot(cot(x
derivativedivides a(cot” (z)) (:oi‘zi()ﬁ)“'i t(cot(x))) o7
4 T _arccot(cot(x
default a (cot* (z)) (:o‘;‘(’z()”z)in t(cot(z)) o7
a(e?ie41)* ) ale2iz 1 1)4 )
e
risch (2ot 1)? + (2ia11)? 85

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*xcot(x)~4)~(1/2),x,method=_RETURNVERBOSE)
[Out] (a*xcot(x)~4)~(1/2)/cot(x) " 2*x(-cot(x)+1/2*xPi-arccot(cot(x)))

Maxima [A]
time = 0.49, size = 16, normalized size = 0.50

oz Y

tan (x)

Verification of antiderivative is not currently implemented for this CAS.

181



182

[In] integrate((a*cot(x)~4)~(1/2),x, algorithm="maxima")

[Out] -sqrt(a)*x - sqrt(a)/tan(x)
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 61 vs.

2(28) = 56.
time = 3.31, size = 61, normalized size = 1.91

—z—sin(2z GCOS(Qx)2+2aCOS(2x)+a‘
(z cos (2z) (2 ))\/ cos (22)” — 2 cos (22) + 1

cos(2z)+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(x)~4)~(1/2),x, algorithm="fricas")
[Out] (x*cos(2*x) - x - sin(2*x))*sqrt((a*cos(2*x)~2 + 2*a*xcos(2*x) + a)/(cos(2*x

)72 - 2xcos(2*x) + 1))/(cos(2*x) + 1)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ \/acot? (z) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((axcot(x)**4)**x(1/2),x)
[Out] Integral(sqrt(axcot(x)**4), x)

Giac [A]
time = 0.43, size = 21, normalized size = 0.66

1 1 1
—~+a 2m+—1—tan(—x)
2 tan (5 x) 2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(x)~4)~(1/2),x, algorithm="giac")
[Out] -1/2*sqrt(a)*(2*x + 1/tan(1/2*x) - tan(1/2*x))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

/ \acot (z)! dz
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*cot(x)~4)~(1/2),x)
[Out] int((a*cot(x)~4)~(1/2), x)
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3.35 dz

/ vacoti(z)

Optimal. Leaf size=31
cot(z)  wcot?(z)

\/a cot*(x) | \/a cot(x) |

[Out] cot(x)/(a*cot(x)~4)~(1/2)-x*cot(x) "2/ (axcot(x)"4)~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 31, normalized size of antiderivative = 1.00, number of

number of rules _ ( g0
’ integrand size ’

steps used = 3, number of rules used = 3, integrand size = 10
Rules used = {3739, 3554, 8}

cot(x) T cot?(x)

\/a cot*(x) | \/a cot(x) |

Antiderivative was successfully verified.

[In] Int[1/Sqrt[a*Cot[x]~4],x]

[Out] Cot[x]/Sqrt[a*Cot[x]~4] - (x*Cot[x]~2)/Sqrt[a*Cot[x]~4]
Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(@*(n - 1))), x] - Dist[b"2, Int[(b*Tan[c + d*x])~"(n - 2), x],
x] /; FreeQ[{b, c, d}, x] & GtQ[n, 1]

Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (f£_.)*(x_)]1"(n_))"(p_), x_Symbol] :> With[{ff
= FreeFactors[Tan[e + f*x], x]}, Dist[(b*ff~n) IntPart[p]*((b*xTan[e + f*x]~
n) “FracPart[pl/(Tan[e + f*x]/ff)~ (n*FracPart([p]l)), Int[ActivateTrig[u]*(Tan
[e + £*x]/£f£)"(n*p), x], x]1] /; FreeQ[{b, e, f, n, p}, x] && !'IntegerQ([p]
&% IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig_ )le + fxx1)~"(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps
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a cot?(z) a cot?(z)
__cot(z) cot’(z) [ 1dz
\/acot*(z) \/acot(x)
__ cot(z) z cot?(x)

\/acot*(z)  \/acott(z)

Mathematica [A]
time = 0.02, size = 21, normalized size = 0.68

cot(z) — x cot?(x)

a cot(x)
Antiderivative was successfully verified.

[In] Integrate[1/Sqrt[a*Cot[x]~4],x]
[Out] (Cot[x] - x*Cot[x]~2)/Sqrt[a*Cot[x]~4]

Maple [A]
time = 0.13, size = 26, normalized size = 0.84

method result size
derivativedivides | < (5 zarcoot(cot(2)) ?Ot(x)ﬂ) 26
Va (oot (2))
default cot(z) (& —arccot(cot(x))) f:ot(x)—i—l) 2%
v (cot* (z))
i 2 ; iz
risch ( -:1? u — 2i(e? ;1) 85
a(e?= . a(e?= .
\/ ((e2zmj—11))41 (6212_1)2 \/ﬁ (eZZm_l)Q

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*cot(x)~4)~(1/2),x,method=_RETURNVERBOSE)

[Out] cot(x)*((1/2*xPi-arccot(cot(x)))*cot(x)+1)/(a*xcot(x)~4)~(1/2)
Maxima [A]

time = 0.50, size = 13, normalized size = 0.42

x  tan(z)

Ve T Ve
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)~4)~(1/2),x, algorithm="maxima")
[Out] -x/sqrt(a) + tan(x)/sqrt(a)

Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 80 vs.

2(27) = b4.
time = 3.45, size = 80, normalized size = 2.58

2 (cos(22) — 1) sin (22) — 2 acos(2m)2+2acos(2m)+a‘
(008 (22)" ~ (cos (22) ~ )sin (22) \/ cos (2z)° — 2 cos (2z) + 1

acos(2z)° +2acos (22) + a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)~4)~(1/2),x, algorithm="fricas")
[Out] (x*cos(2*x)~2 - (cos(2*x) - 1)*sin(2*x) - x)*sqrt((a*cos(2*x)~2 + 2*a*xcos(2
*x) + a)/(cos(2%x)~2 - 2*cos(2*x) + 1))/(a*xcos(2*x)~2 + 2xaxcos(2*x) + a)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/ \/acot* () “

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)**4)**(1/2),x)
[Out] Integral(1l/sqrt(axcot(x)**4), x)

Giac [A]
time = 0.41, size = 13, normalized size = 0.42

B } +ta\r;£x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)~4)~(1/2),x, algorithm="giac")
[Out] -x/sqrt(a) + tan(x)/sqrt(a)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.03

1
/ \/acot (z)* “
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*cot(x)~4)~(1/2),x)
[Out] int(1/(a*cot(x)~4)~(1/2), x)
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3.36 f( L dr

tzcot4(x))3/2
Optimal. Leaf size=77

cot(z z cot?(x) tan(z) tan3(z)
cu/acot4 a\/acot‘1 3a\/acot4 5a\/acot4

[Out] cot(x)/a/(a*cot(x)~4)"(1/2)-x*cot(x)~2/a/(a*xcot(x)"4)~(1/2)-1/3*tan(x)/a/(a
xcot (x)~4)~(1/2)+1/5*tan(x) ~3/a/(a*cot(x)~4)~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 77, normalized size of antiderivative = 1.00, number of

number of rules — 0.300,
’ integrand size

steps used = 5, number of rules used = 3, integrand size = 10
Rules used = {3739, 3554, 8}

cot(z z cot?(x ) tan®(z) tan(z
a\/acot4 cm/obcot4 5a\/acot4 3a\/acot4

Antiderivative was successfully verified.
[In] Int[(a*Cot[x]~4)~(-3/2),x]

[Out] Cot[x]/(a*Sqrt[a*Cot[x]~4]) - (x*Cot[x]~2)/(a*Sqrt[a*Cot[x]~4]) - Tan[x]/(3
*xaxSqrt [a*Cot [x]"4]) + Tan[x]~3/(5*a*Sqrt[a*Cot [x]~4])

Rule 8
Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rule 3554

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Simp[b*((b*Tan[c + d
*x])"(n - 1)/(d*(n - 1))), x] - Dist[b~2, Int[(b*Tan[c + d*x])~(n - 2), x],
x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1]

Rule 3739

Int[(u_.)*((b_.)*tan[(e_.) + (f_.)*(x_)]1"(n))"(p_), x_Symbol]l :> With[{ff

= FreeFactors[Tan[e + f*x], x]}, Dist[(b*ff~"n) IntPart[p]*((b*Tan[e + f*x]~
n) “FracPart[p]/(Tan[e + f*x]/ff)~ (n*FracPart[p])), Int[ActivateTrig[u]*(Tan
[e + £*x]/£f£)"(n*p), x], x]1] /; FreeQ[{b, e, f, n, p}, x] & !'IntegerQ([p]

&% IntegerQ[n] && (EqQ[u, 1] || MatchQ[u, ((d_.)*(trig )le + fxx1)~(m_.) /;
FreeQ[{d, m}, x] && MemberQ[{sin, cos, tan, cot, sec, csc}, trigll)

Rubi steps
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/ 1 i — cot?(z) [ tan®(z)d

(acot?(z))*? a cot?(z)
tan®(z)  cot?(z) [ tan’(z)ds
5a acot*(x) a+/acot?(z)
tan(z) tan® (:1:) cot2 (z) [ tan®(z) dz
304 /a cot?(x) 5a\ /a cott(z ay/acot*(z)
_cot(m)  tan(z) N tan’(z)  cot’(z) [1lda
av/acot(z)  3ay/acot*(z) Bayr/acot(z)  a/acott(x)
cot(x) z cot?(x) tan(z) tan3(z)

a+/acot(x) B a+/acot*(x) B 3ay/acot?(z) ' 5ay/a cot?(z)

Mathematica [A]
time = 0.08, size = 42, normalized size = 0.55

23 cot(z) — 15z cot?(z) + csc(x) sec(x) (—11 + 3sec?(z))
15a4/ a cot(x)

Antiderivative was successfully verified.

[In] Integratel[(axCot[x]~4)~(-3/2),x]

[Out] (23*Cot[x] - 15*x*Cot[x]~2 + Csc[x]*Sec[x]*(-11 + 3*Sec[x]~2))/(15*a*Sqrt[a
*xCot [x]~4])

Maple [A]
time = 0.13, size = 42, normalized size = 0.55

method result size
derivativedivides cot(x) (15 (% —arccot(cot(x))) (cots(:t))-l—? (cot*(z))—5(cot?(z))+3) 49
15(a(cot?(z)))2
default cot(x) (15(% —arccot(cot(x))) (c0t5(x))+g5 (cot*(z)) —5(cot?(z))+3) 49
15(a(cot?(z)))2
risch (2 41)%g - 21 (45 €392 +90 €59 +140 42+ 70 e2ix+23‘.) 123
a(e?i=41)* ) ) a(e?iw4+1)*
a(e?=—1)* \/ (5322 j11))4 15a(e27+1) (e2i7—1)* \/ (E-;-%w j_ll))4

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(1/(a*cot(x)~4)~(3/2),x,method=_RETURNVERBOSE)
[Out] 1/15%cot(x)*(15%(1/2*Pi-arccot (cot(x)))*cot(x) 5+15*cot (x) ~4-5*cot (x)~2+3)/
(a*xcot (x)~4)~(3/2)

Maxima [A]
time = 0.50, size = 29, normalized size = 0.38

3 tan (z)° — 5 tan (z)° + 15 tan (z) 3

15 a% a

X

3
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)~4)~(3/2),x, algorithm="maxima")
[Out] 1/15%(3*tan(x)~5 - 5%tan(x)~3 + 16xtan(x))/a~(3/2) - x/a~(3/2)
Fricas [B] Leaf count of result is larger than twice the leaf count of optimal. 142 vs.

2(65) = 130.
time = 2.81, size = 142, normalized size = 1.84

1

22)* +2 2
(15@cos (22)* + 30z cos (2z)° — 30z cos (22) — (23 cos (2)° + cos (22) — 11 cos (2z) — 13) sin (22) — 15) a.cos $)2+ ac0s(22) +a
cos(2z)" —2cos(2z) +1

15 (a2cos (2z)" + 4a2 cos (22)° + 6.a? cos (2)° + 4 a2 cos (2) + a?)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)~4)~(3/2),x, algorithm="fricas")

[Out] 1/15%(15%x*cos(2*x)~4 + 30*x*cos(2%x)~3 - 30*x*cos(2*x) - (23*%cos(2*x)~3 +
cos(2*x)~2 - 11*xcos(2*x) - 13)*sin(2*x) - 15*x)*sqrt((a*cos(2*x)~2 + 2*a*co
s(2xx) + a)/(cos(2*x)~2 - 2xcos(2*x) + 1))/(a"2*cos(2*x)~4 + 4*xa~2*cos(2*x)

~3 + 6%a”2*%cos(2*x) "2 + 4xa~2*cos(2*x) + a~2)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/ (a cot? (x))% o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)**4)**(3/2),x)

[Out] Integral((axcot(x)**4)**x(-3/2), x)
Giac [A]
time = 0.44, size = 43, normalized size = 0.56

15z 3a2 tan(z)®—5 a2 tan(z)3+15 a2 tan(z)
- 5

_\/CT a2

15a
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a*cot(x)~4)~(3/2),x, algorithm="giac")
[Out] -1/15%(15*x/sqrt(a) - (3*a~2*tan(x)~5 - 5*a”2*tan(x)~3 + 15xa~2*tan(x))/a~(

5/2))/a

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (acot (190)4)3/2 @

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a*cot(x)~4)~(3/2),x)
[Out] int(1/(a*cot(x)~4)~(3/2), x)
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3.37 [ (beot?(c + dx))" dx

Optimal. Leaf size=60

cot(c + dz) (beotP(c + dx))" 2F1 (1, 1(1 4+ np); 1(3 + np); — cot?(c + dx))
d(1+ np)

[Out] -cot(d*x+c)*(b*cot(d*x+c) p) “nxhypergeom([1, 1/2*nxp+1/2],[1/2*n*p+3/2],-co
t (d*x+c)~2)/d/ (n*xp+1)

Rubi [A]

time = 0.03, antiderivative size = 60, normalized size of antiderivative = 1.00, number of

number of rules _ ( 95
’ integrand size ’

steps used = 3, number of rules used = 3, integrand size = 12
Rules used = {3740, 3557, 371}

cot(c + dz) (beotP(c + dx))" 2F1 (1, 2(np + 1); 1 (np + 3); — cot?(c + dx))
d(np+1)

Antiderivative was successfully verified.
[In] Int[(b*Cot[c + d*x] p) n,x]

[Out] -((Cot[c + d*x]*(b*Cot[c + d*x] p) “nxHypergeometric2F1[1, (1 + n*p)/2, (3 +
n*p)/2, -Cotlc + d*x]~2])/(d*(1 + n*p)))

Rule 371

Int[((c_)*(x_))"(m_.)*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a~p
*((c*x)"(m + 1)/(c*(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 0] Il GtQ[a, 01)

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rule 3740

Int[(u_.)*((b_.)*((c_.)*tan[(e_.) + (£_.)*(x_)1)"(n_))~(p_), x_Symbol] :> D
ist [b"IntPart [p]*((b*(c*Tan[e + f*x]) n) FracPart[p]l/(c*Tan[e + fx*x])~ (n*Fr
acPart[p])), Int[ActivateTrig[u]l*(c*Tan[e + £*x])~(n*p), x], x] /; FreeQ[{b
, c, e, £, n, p}, x] & !'IntegerQ[p] && !'IntegerQ[n] && (EqQ[u, 1] || Mat
chQ[u, ((d_.)*(trig_)[e + fxx])~(m_.) /; FreeQ[{d, m}, x] && MemberQ[{sin,
cos, tan, cot, sec, csc}, trigll)
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Rubi steps

/ (beot?(c + dz))" dz = (cot™™(c + dz) (beot?(c + dz))") / cot™(c + dz) dx

(cot™P(c + dzx) (bcot?(c + dx))") Subst ( dz, z, cot(c + dz))

— 1+2

cot(c + dz) (beot?(c + dz))" 2F1(1 (14 np); (3 + np); — cot*(c + dz))
d(1 + np)

Mathematica [A]
time = 0.04, size = 58, normalized size = 0.97

cot(c + dz) (beotP(c + dx))" 2F1 (1, 3(1 4+ np); (3 + np); — cot?(c + dz))
d+ dnp

Antiderivative was successfully verified.

[In] Integrate[(b*Cot[c + d*x]~p)~n,x]

[Out] -((Cot[c + d*x]*(b*Cot[c + d*x] p) “nxHypergeometric2F1[1, (1 + n*p)/2, (3 +
n*p) /2, -Cot[c + d*x]~2])/(d + d*nxp))

Mabple [F]
time = 0.32, size = 0, normalized size = 0.00

/ (b(cot? (dz + ¢)))" dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*cot(d*x+c) p)~n,x)
[Out] int((b*cot(d*x+c) p)~n,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*cot(d*x+c)”~p) n,x, algorithm="maxima")
[Out] integrate((bxcot(d*x + c)”p)~n, x)



Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((b*cot(d*x+c)~p) n,x, algorithm="fricas")
[Out] integral((b*cot(d*x + c)~p)~n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (beot? (¢ + dz))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*cot (d*x+c)**p)**n,x)

[Out] Integral((b*cot(c + d*x)**p)**n, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((b*cot(d*x+c) p) n,x, algorithm="giac")
[Out] integrate((bxcot(d*x + c)~p)~n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/ (beot(c + dz)P)" dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*cot(c + d*x)~p) ~n,x)
[Out] int((b*cot(c + d*x)~p)~n, x)
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3.38 [ (a(bcot(c+ dx))P)" dx

Optimal. Leaf size=62

_cot(c+dz) (a(beot(c + dz))?)" 2F1(1, 3(1 + np); 5(3 + np); — cot?(c + dz))
d(1+ np)

[Out] -cot(d*x+c)*(a*x(b*cot(d*x+c)) p) “nxhypergeom([1, 1/2*nxp+1/2],[1/2*n*p+3/2]
,—cot (d*x+c)~2)/d/ (n*p+1)

Rubi [A]
time = 0.03, antiderivative size = 62, normalized size of antiderivative = 1.00, number of

number of rules _ 914
’ integrand size ’

steps used = 3, number of rules used = 3, integrand size = 14
Rules used = {3740, 3557, 371}

_cot(c+dz) o F} (1, 1 (np+1); 2 (np + 3); — cot®(c + dz)) (a(bceot(c + dz))P)"
d(np+1)

Antiderivative was successfully verified.
[In] Int([(ax(b*Cot[c + d*x])~p)~n,x]

[Out] -((Cot[c + d*x]*(ax(b*Cot[c + d*x]) p) “nxHypergeometric2F1[1, (1 + n*p)/2,
(8 + n*p)/2, -Cotlc + d*x]~2])/(d*(1 + n*p)))

Rule 371

Int [((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))~(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(c*(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 0] Il GtQla, 01)

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/(b"2 + x72), x], x, b*Tan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] && !
IntegerQ[n]

Rule 3740

Int[(u_.)*((b_.)*((c_.)*tan[(e_.) + (£_.)*(x_)1)"(n_))"(p_), x_Symbol] :> D
ist [b"IntPart [p]*((b*(c*Tan[e + f*x]) n) FracPart[p]l/(c*Tan[e + f*x])~ (n*Fr
acPart[p])), Int[ActivateTrig[u]l*(c*Tan[e + £*x])~(n*p), x], x] /; FreeQ[{b
, C, e, £, n, p}, x] & !'IntegerQ[p] && !IntegerQ[n] && (EqQ[u, 1] || Mat
chQ[u, ((d_.)*(trig_)[e + fxx])~(m_.) /; FreeQ[{d, m}, x] && MemberQ[{sin,
cos, tan, cot, sec, csc}, trigll)
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Rubi steps

/ (a(beot(c+ dz))P)" dz = ((beot(c + dz)) ™™ (a(bceot(c + dx))P)") /(b cot(c + dz))™ dx
(b(bcot(c + dz))~™ (a(bcot(c + dz))P)") Subst ( [ 3= dz, z,bcot(c + dx))

T d
_ cot(c+ dx) (a(beot(c+ dx))P)" 2F1 (1, 5(1 4 np); 5(3 + np); — cot?(c + dx)
B d(1+ np)

Mathematica [A]
time = 0.03, size = 60, normalized size = 0.97

cot(c + dz) (a(beot(c + dz))P)" 2Fi (1, 3(1 + np); 3(3 + np); — cot*(c + dz))
d + dnp

Antiderivative was successfully verified.

[In] Integrate[(a*(bxCot[c + d*x])~p) n,x]
[Out] -((Cotl[c + d*x]*(ax(b*Cot[c + d*x]) p) “nxHypergeometric2F1[1, (1 + n*p)/2,
(3 + nxp)/2, -Cot[c + d*x]~2])/(d + d*n*p))

Maple [F]
time = 0.31, size = 0, normalized size = 0.00

/ (a(bcot (dz + ¢))P)" dx

Verification of antiderivative is not currently implemented for this CAS.
[In] int((a*(b*cot(d*x+c)) p) n,x)
[Out] int((a*(b*cot(d*x+c)) p)~n,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*(b*cot(d*x+c))~p)~n,x, algorithm="maxima")

[Out] integrate(((b*cot(d*x + c))~p*a)~n, x)



Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a*(b*cot(d*x+c)) p) n,x, algorithm="fricas")
[Out] integral(((b*cot(d*x + c)) p*a)~n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (a(beot (c + dz))?)" dz

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a*(b*cot(d*x+c))**p)**n,x)
[Out] Integral((a*x(b*cot(c + d*x))**p)**n, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((ax(b*cot(d*x+c))~p)~n,x, algorithm="giac")
[Out] integrate(((b*cot(d*x + c))~p*a)~n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/ (a (beot(c+ dz))?)" dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*(b*cot(c + d*x))~p)~n,x)
[Out] int((a*x(b*cot(c + d*x))~p)~n, x)
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3.39 [(beot(e + fx))™(asin(e + fz))™ dx
Optimal. Leaf size=87

(oot -+ £2) " o1 (142, 1(1 = m+ ) 423 co(e + f) (asinfe + f))" sin’(e + fa) 0=
bf(1+n)

[Out] -(b*cot(f*x+e))” (1+n)*hypergeom([1/2+1/2%n, 1/2-1/2*m+1/2%n],[3/2+1/2*n],co
s(fxx+e) "2) *(a*sin(f*x+e)) “m* (sin(f*x+e)~2)~(1/2-1/2*m+1/2+*n) /b/£/(1+n)

Rubi [A]

time = 0.07, antiderivative size = 87, normalized size of antiderivative = 1.00, number of

number of rules _ ( g5
’ integrand size ’

steps used = 2, number of rules used = 2, integrand size = 21
Rules used = {2683, 2697}

(asin(e + fz))™(beot(e + fz)) " sin®(e + fz)z(minth) oFy (2, 2 (—m +n + 1); %£3; cos? (e + fz))
bf(n+1)

Antiderivative was successfully verified.

[In] Int[(b*Cot[e + f*x]) n*(a*xSin[e + f*x]) m,x]

[Out] -(((bxCot[e + f*x])~(1 + n)*Hypergeometric2F1[(1 + n)/2, (1 - m + n)/2, (3
+ n)/2, Cos[e + f*x] 2]*(a*Sin[e + f*x]) m*(Sin[e + f*x]~2)"((1 - m + n)/2)

)/ (b*xfx(1 + n)))

Rule 2683

Int[(cos[(e_.) + (f_.)*(x_)1*(a_.)) " (m_)*((b_.)*tan[(e_.) + (£_.)*(x_)]1)"(n

_), x_Symbol] :> Dist[(a*Cos[e + f*x]) FracPart[m]*(Sec[e + f*x]/a) FracPar

t[m], Int[(b*Tan[e + f*x]) n/(Sec[e + f*x]/a)™m, x], x] /; FreeQ[{a, b, e,
f, m, n}, x] & !IntegerQ[m] &% !IntegerQ[n]

Rule 2697

Int[((a_.)*secl(e_.) + (£_)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)])"(

n_), x_Symbol] :> Simp[(a*Sec[e + f*x]) m*(b*Tan[e + f*x])~(n + 1)*((Cos[e

+ £xx]72)"((m + n + 1)/2)/(bxf*x(n + 1)))*Hypergeometric2F1[(n + 1)/2, (m +

n+ 1)/2, (n + 3)/2, Sin[e + f*x]~2], x] /; FreeQ[{a, b, e, f, m, n}, x] &&
IIntegerQL(n - 1)/2] && !IntegerQ[m/2]

Rubi steps

csc(e +
a

/ (beot(e + fz))"(asin(e + f2))™ dz = ((M) " (asine + fx))m> / (beot(e + fz))" (

(beot(e + fz)) ™o Fy (12, 2(1 — m + n); 2% cos®(e + fz)) (a
bf(1+mn)

a
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Mathematica [C] Result contains higher order function than in optimal. Order 6 vs. order
5 in optimal.
time = 1.23, size = 289, normalized size = 3.32

(3+m—n)F (21 +m—n);—n,1+m; 43+ m — n);tan® (e + fz)) , ~ tan? (§(e + f2))) (beot(e + f2))" sin(e + f)(asin(e + fz))"
T +m—n) (B+m—n)F (51 +m—n);—n,1+m; 13 +m —n);tan? (3(e + /7)) ,— tan® (e + [2))) — 2 (nFy (33 +m—n); 1 —n, 1+ m; 5(5+ m — n);tan® ((e + /) , — tan? (3(e + f2))) + (1 +m)Fy (33 +m — n);—m, 2+ m; 3(5 + m — n); tan? (3e + ), — tan® (K(e + /2)))) tan? (3(e + [2)) )

Warning: Unable to verify antiderivative.

[In] Integrate[(b*Cot[e + f#*x]) n*(a*Sin[e + f*x]) m,x]

[Out] ((8 + m - n)*AppellF1[(1 + m - n)/2, -n, 1 + m, (3 + m - n)/2, Tan[(e + f*x
)/2]1°2, -Tan[(e + f*x)/2]°2]*(b*Cot[e + f*x]) n*Sin[e + f*x]*(a*Sin[e + fx*x
D7m)/(fx(1 + m - n)*((3 + m - n)*AppellF1[(1 +m - n)/2, -n, 1 + m, (3 + m

- n)/2, Tan[(e + f*x)/2]72, -Tan[(e + f*x)/2]"2] - 2*(n*AppellF1[(3 + m -
n)/2, 1 -n, 1 +m, (6+m-n)/2, Tan[(e + f*x)/2]"2, -Tan[(e + fx*xx)/2]"2]

+ (1 + m)*AppellF1[(83 + m - n)/2, -n, 2 + m, (6 + m - n)/2, Tan[(e + f*x)/

2172, -Tan[(e + fxx)/2]1"2])*Tan[(e + f*x)/2]1°2))

Maple [F]
time = 0.38, size = 0, normalized size = 0.00

/ (beot (fz +€))" (asin (fz +e))™ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*cot(f*x+e)) n*(axsin(f*x+e)) "m,x)
[Out] int((b*cot(f*x+e)) n*(a*sin(f*x+e)) "m,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*cot(f*x+e)) n*(a*sin(f*x+e)) m,x, algorithm="maxima")
[Out] integrate((bxcot(f*x + e)) n*(a*sin(f*x + e))"m, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*cot(f*x+e)) n*(a*sin(f*x+e)) m,x, algorithm="fricas")
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[Out] integral((b*cot(f*x + e)) nx(a*sin(f*x + e))”m, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(asin (e+ fx))™ (beot (e + fx))" dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((b*cot(f*x+e))**n*(a*xsin(f*x+e))**m,x)
[Out] Integral((a*sin(e + f#*x))**m*(b*cot(e + f*x))**n, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*cot(f*x+e)) n*(a*sin(f*x+e)) m,x, algorithm="giac")

[Out] integrate((b*cot(f*x + e)) n*(a*sin(f*x + e))"m, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (beot(e+ fx))" (a sin(e+ fz))" dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*cot(e + f*x)) n*(a*sin(e + f*x)) m,x)

[Out] int((b*cot(e + f*x)) n*x(a*sin(e + f*x)) m, x)
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3.40 [(acos(e + fx))™(bcot(e + fz))" dx
Optimal. Leaf size=84

(acos(e + fz))™(beot(e + fz)) ™ o Fy (22, 1(1 + m + n); 3(3 + m + n); cos®(e + fx)) sin?(e + fx)HTn
bf(1+m+n)

[Out] -(a*xcos(f*x+e)) “m*(b*cot(f*x+e))”~(1+n)*hypergeom([1/2+1/2*n, 1/2+1/2*m+1/2%
n], [3/2+1/2*m+1/2%n],cos(f*xx+e) ~2) *(sin(f*x+e)~2) ~(1/2+1/2*n) /b/f/(1+m+n)

Rubi [A]

time = 0.07, antiderivative size = 84, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.09,

steps used = 2, number of rules used = 2, integrand size = 21
Rules used = {2682, 2656}

_sin’(e + fx)"%" (acos(e + fz))™(beot(e + fz))" o Fy (%L, L(m +n + 1); L (m + n + 3); cos®(e + fz))
bf(m+mn+1)

Antiderivative was successfully verified.
[In] Int[(a*Cos[e + f*x]) m*(b*Cot[e + f*x]) n,x]
[Out] -(((a*Cos[e + f*x]) m*(bxCot[e + f*x])~(1 + n)*Hypergeometric2F1[(1 + n)/2,

(1 +m+n)/2, (3+m+ n)/2, Cosle + fxx]~2]*(Sinf[e + f*x]~2)"((1 + n)/2)
)/ (bxf*(1 + m + n)))
Rule 2656

Int[(cos[(e_.) + (f_)*(x_)]*(a_.)) (@ )*((b_.)*sinl[(e_.) + (£_)*(x_)])"(n
_), x_Symbol] :> Simp[(-b~(2*IntPart[(n - 1)/2] + 1))*(b*Sin[e + fx*x])~(2*F
racPart[(n - 1)/2])*((a*Cos[e + f*x])~(m + 1)/(a*xf*(m + 1)*(Sin[e + f*xx]~2)
“FracPart[(n - 1)/2]))*Hypergeometric2F1[(1 + m)/2, (1 - n)/2, (3 + m)/2, C
osle + f*x]°2], x] /; FreeQ[{a, b, e, f, m, n}, x] && SimplerQ[n, m]

Rule 2682

Int[((a_.)*sin[(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(
n_), x_Symbol] :> Dist[a*Cos[e + f*x]~(n + 1)*((b*Tan[e + f*x])~(n + 1)/(b*
(axSin[e + f*xx])"(n + 1))), Int[(a*Sin[e + f*x])~(m + n)/Cos[e + f*x]°n, x]
, x] /; FreeQ[{a, b, e, f, m, n}, x] && !IntegerQ[n]

Rubi steps

/(acos(e+ f))™(boot(e + fz))" da = _ (a(acos(e+ fx))~'~"(beot(e + fx)) +n(— sin(e _|_bfr)) ) [(ac

(acos(e + fz))™(beot(e + fx)) ™™ o F1 (Hf7, (1 +m +n); 5(3 +
bf(1+m+n)
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Mathematica [A]
time = 0.61, size = 83, normalized size = 0.99

_ blacos(e + fz))"(beot(e + fz)) " o Fy (B4, 157 25 — tan®(e + fz)) sec®(e + fz)™/?

f(—1+n2)

Antiderivative was successfully verified.

[In] Integrate[(a*Cos[e + f*x]) m*(b*Cot[e + f*x]) n,x]

[Out] -((b*(a*Cos[e + f*x]) m*(bxCot[e + f*x])~(-1 + n)+*Hypergeometric2F1[(2 + m)
/2, (1 - n)/2, (8 - n)/2, -Tanl[e + f*x]72]*(Sec[e + £*x]72)"(m/2))/(£*x(-1 +

n)))

Maple [F]

time = 0.36, size = 0, normalized size = 0.00

/ (cos (fz +e€)a)™ (beot (fz +e))" dz

Verification of antiderivative is not currently implemented for this CAS.
[In] int((cos(f*x+e)*a) m*(b*cot(f*x+e)) n,x)
[Out] int((cos(f*x+e)x*a) m*(b*cot(f*x+e)) "n,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cos(f*x+e)) m*(b*cot(f*x+e)) n,x, algorithm="maxima")

[Out] integrate((a*xcos(f*x + e)) m*(b*cot(f*x + e))”n, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a*cos(f*x+e)) m*(b*cot(f*x+e)) n,x, algorithm="fricas")
[Out] integral((a*cos(f*x + e)) mx(b*cot(f*x + e))"n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (acos(e+ fr))™ (beot (e + fz))" dx
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a*cos(f*x+e))**m*(b*xcot (f*x+e))**n,x)
[Out] Integral((a*cos(e + f*x))**m*(b*cot(e + f*x))**n, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cos(f*x+e)) m*(b*cot(f*x+e)) n,x, algorithm="giac")

[Out] integrate((a*xcos(f*x + e)) m*(b*cot(f*x + e))”n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/ (a cos(e+ fz))" (beot(e + fz))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*cos(e + f*x)) m*x(b*cot(e + f*x)) n,x)

[Out] int((a*cos(e + f*x)) m*x(bxcot(e + f*x))“n, x)
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3.41 [(acot(e + fx))™(bcot(e + fz))"dx

Optimal. Leaf size=64

(acot(e + fz))*™(beot(e + fz))"2Fi (1, 1(1 4+ m +n); (3 + m + n); — cot?(e + fz))
af(l1+m+n)

[Out] -(a*cot(f*x+e))” (1+m)*(b*cot(f*x+e)) “nxhypergeom([1, 1/2+1/2*m+1/2*n], [3/2+
1/2*m+1/2*n] ,-cot (f*x+e) ~2) /a/f/(1+m+n)

Rubi [A]
time = 0.03, antiderivative size = 64, normalized size of antiderivative = 1.00, number of

number of rules _ (143
’ integrand size ’

steps used = 3, number of rules used = 3, integrand size = 21
Rules used = {20, 3557, 371}

(acot(e + fz))™(beot(e + fz))" 2Fi (1, 2(m +n+ 1); 2(m + n+ 3); — cot?(e + fz))
af(m+n+1)

Antiderivative was successfully verified.
[In] Int[(a*xCot[e + f*x]) m*(b*Cot[e + f*x]) n,x]

[Out] -(((a*Cot[e + f*x])~(1 + m)*(bxCot[e + f*x]) nxHypergeometric2F1i[1, (1 + m
+1n)/2, (3 +m+ n)/2, -Cotle + £*x]~2])/(a*f*(1 + m + n)))

Rule 20

Int[(u_.)*((a_.)*(v_)) " (m_)*((b_.)*(v_))"(n_), x_Symbol] :> Dist[b~IntPart[
n] * ((b*v) “FracPart [n] /(a"IntPart [n]*(a*xv) “FracPart[n])), Int[ux(axv)"(m + n
), x1, x] /; FreeQ[{a, b, m, n}, x] & !'IntegerQ[m] && 'IntegerQ[n] && !
IntegerQ[m + n]

Rule 371

Int [((c_.)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))~(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2Fi[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 0] Il GtQla, 01)

Rule 3557

Int[((b_.)*tan[(c_.) + (d_.)*(x_)]1)"(n_), x_Symbol] :> Dist[b/d, Subst[Int[
x"n/ ("2 + x~2), x], x, bxTan[c + d*x]], x] /; FreeQ[{b, c, d, n}, x] & !
IntegerQ[n]

Rubi steps
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/(acot(e—i—fx))m(bcot(e-l-fx))” dz = ((acot(e + fz)) " (beot(e + fz))") /(acot(e+ fz))™t"dz

(a(acot(e + fx)) ™(bcot(e + fx))™) Subst (f % dz,z,acot(e
T f
_ (acot(e+ fx))"*™(beot(e + fx))" 2 Fi(1, 5(14+m +n); 5(3+m
T af(l+m+n)

Mathematica [A]
time = 0.10, size = 67, normalized size = 1.05

_cot(e+ fz)(acot(e + fz))"(beot(e + f2))" 2F1 (1, 5(1 +m+n); 1+ 3(1 +m +n); — cot’(e + f))
fA+m+n)

Antiderivative was successfully verified.

[In] Integrate[(a*Cot[e + f*x]) m*(b*Cot[e + f*x]) n,x]
[Out] -((Cot[e + fxx]*(a*Cot[e + f*x]) m*(b*Cot[e + f*x]) n*Hypergeometric2F1[1,
(1 +m+n)/2,1+ @ +m+n)/2, Cotle + £xx]~2])/(f*(1 + m + n)))

Maple [F]
time = 0.41, size = 0, normalized size = 0.00

/ (cot (fz +€)a)™ (beot (fz +e€))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((cot(f*x+e)*a) m*(b*cot(f*x+e)) "n,x)

[Out] int((cot(f*x+e)*a) "m* (b*xcot(f*x+e)) n,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(f*x+e)) m*(b*cot(f*x+e)) n,x, algorithm="maxima")

[Out] integrate((a*xcot(f*x + e)) “mx(b*cot(f*x + e))"n, x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((a*cot(f*x+e)) m*(b*cot(f*x+e)) n,x, algorithm="fricas")

[Out] integral((a*cot(f*x + e)) mx(b*cot(f*x + e))”"n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(acot (e+ fx))™ (beot (e + fx))" dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(f*x+e))**m* (b*xcot (f*x+e))**n,x)

[Out] Integral((axcot(e + f*x))**m*(b*cot(e + f*x))**n, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a*cot(f*x+e)) m*(b*cot(f*x+e)) n,x, algorithm="giac")

[Out] integrate((axcot(f*x + e)) m*(b*cot(f*x + e))”n, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/(a cot(e + fz))™ (beot(e + fx))" dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a*cot(e + f*x)) mx(b*cot(e + f*x)) n,x)

[Out] int((a*xcot(e + f*x)) m*(b*cot(e + f*x))"n, x)
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3.42 [(beot(e + fx))"(asec(e + fx))™dx

Optimal. Leaf size=90

14n

(beot(e + fz)) ™o Fy (M2, 3(1 — m +n); 3(3 — m + n); cos®(e + fx)) (asec(e + fz))™sin?(e + fz) 2
bf(1—m+n)

[Out] -(b*cot(f*x+e))” (1+n)*hypergeom([1/2+1/2%n, 1/2-1/2*m+1/2%n], [3/2-1/2*m+1/2
*n] ,cos (fxx+e) "2) x(a*sec(f*x+e)) "m*(sin(f*x+e)~2)~(1/2+1/2%*n) /b/f/(1-m+n)

Rubi [A]
time = 0.12, antiderivative size = 90, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.143,

steps used = 3, number of rules used = 3, integrand size = 21
Rules used = {2698, 2682, 2656}

_sin’(e + fx)™5 (asec(e + fz))™(beot(e + fx))™ o Fy (%2, L (—=m +n +1); L(—m + n + 3); cos?(e + fz))
bf(—m+n+1)

Antiderivative was successfully verified.
[In] Int[(b*Cot[e + f*x]) n*(a*Secl[e + f*x]) m,x]

[Out] -(((bxCot[e + f*x])~(1 + n)*Hypergeometric2F1[(1 + n)/2, (1 - m + n)/2, (3
- m + n)/2, Cosle + fxx]~2]*(a*Sec[e + f*x]) m*(Sin[e + f*x]~2)"((1 + n)/2)
)/ (bxf*(1 - m + n)))

Rule 2656

Int[(cos[(e_.) + (f_.)*(x_)]1*(a_.))"(m_)*((b_.)*sin[(e_.) + (f£_.)*(x_)1)"(n
_), x_Symbol] :> Simp[(-b~(2*IntPart[(n - 1)/2] + 1))*(b*Sin[e + fx*x])~(24F
racPart[(n - 1)/2])*((a*Cos[e + f*x])"(m + 1)/(a*f*(m + 1)*(Sin[e + f*x]"2)
“FracPart[(n - 1)/2]))*Hypergeometric2F1[(1 + m)/2, (1 - n)/2, (3 + m)/2, C
os[e + f*x]°2], x] /; FreeQ[{a, b, e, f, m, n}, x] && SimplerQ[n, m]

Rule 2682

Int[((a_.)*sin[(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tanl[(e_.) + (£_.)*(x_)]1)"(
n_), x_Symbol] :> Dist[a*Cos[e + f*x]~(n + 1)*((b*Tan[e + f*x])~(n + 1)/(b*
(axSin[e + f*x])"(n + 1))), Int[(a*Sin[e + f*x])"(m + n)/Cos[e + f*x]"n, x]
, x] /; FreeQ[{a, b, e, £, m, n}, x] & !IntegerQ[n]

Rule 2698

Int[(cscl(e_.) + (f_.)*(x_)1*(a_.))"(m_)*((b_.)*tan[(e_.) + (f_.)*(x_)1)"(n
_), x_Symbol] :> Dist[(a*Csc[e + f*x]) FracPart[m]*(Sin[e + fx*x]/a) FracPar
t[m], Int[(b*Tan[e + f*x]) n/(Sin[e + f*x]/a)™m, x], x] /; FreeQ[{a, b, e,
f, m, n}, x] & !IntegerQ[m] &% !IntegerQ[n]
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Rubi steps

/ (beot(e + fz))"(asec(e + f2))™ do = ((M>m(asec(e+ fa:))m) / (M) " (beot

a a

a

((M)—Hm—n (beot(e + fz)) ™ (asec(e + fz))™(—sin(e

ab
_ (beot(e + fz)) ™o Fy (12, 2(1 — m + n); 3(3 — m + n); cos®(e
bf(l—m+n)

Mathematica [A]
time = 0.51, size = 83, normalized size = 0.92

b(beot(e + fz)) 1" o Fy (1 — 2, 352, 32 —tan®(e + fz)) (asec(e + fz))™ sec?(e + fz)~™/2
f(=1+n)

Antiderivative was successfully verified.

[In] Integrate[(b*Cot[e + f#*x]) n*(a*Sec[e + f*x]) m,x]

[Out] -((b*(bxCot[e + f*x])~ (-1 + n)*Hypergeometric2F1[1 - m/2, (1 - n)/2, (3 - n
)/2, -Tan[e + f*x] 2]*(a*xSec[e + f*x])"m)/(f*x(-1 + n)*(Secl[e + f*x]~2)"(m/2
)))

Maple [F]
time = 0.42, size = 0, normalized size = 0.00

/ (beot (fz +€))” (asec(fzr+e€))™ dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*cot(f*x+e)) "n*(axsec(f*x+e)) m,x)
[Out] int((b*cot(f*x+e)) n*(a*sec(f*x+e)) "m,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*cot(f*x+e)) n*(a*sec(f*x+e)) m,x, algorithm="maxima")

[Out] integrate((bxcot(f*x + e)) n*(a*sec(f*x + e))"m, x)



Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*cot(f*x+e)) n*(a*sec(f*x+e)) m,x, algorithm="fricas")

[Out] integral((b*cot(f*x + e)) n*(axsec(f*x + e)) m, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(a sec (e + fz))™ (beot (e + fxz))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*cot(f*x+e))**n*(axsec(f*x+e))**m,x)

[Out] Integral((a*sec(e + f*x))**m*(b*cot(e + f*x))**n, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*cot(f*x+e)) n*(a*sec(f*x+e)) m,x, algorithm="giac")

[Out] integrate((bxcot(f*x + e)) n*(a*sec(f*x + e))"m, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(bcot(e+fx))" (m)mdz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*cot(e + f*x)) n*(a/cos(e + f*x)) m,x)

[Out] int((b*cot(e + f*x)) n*x(a/cos(e + f*x))"m, x)
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3.43 [(dcot(e+ fz))"cscb(e + fz) dx

Optimal. Leaf size=76
_ (dcot(e+ fx))'*™  2(dcot(e+ fx))**™  (dcot(e+ fz))™*"

df(1+mn) aBf(3+n) dBf(5+n)
[Out] -(d*cot(f*x+e))”(1+n)/d/f/(1+n)-2%(d*cot (f*x+e))~(3+n)/d~3/f/(3+n)-(d*cot (f
*x+e)) " (5+n)/d~5/£f/(5+n)
Rubi [A]
time = 0.05, antiderivative size = 76, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.105,

steps used = 3, number of rules used = 2, integrand size = 19
Rules used = {2687, 276}

_ (dcot(e+ fz))™*®  2(dcot(e + fz))"**  (dcot(e + fz))"H!

d®f(n+5) d3f(n+3) df(n+1)

Antiderivative was successfully verified.

[In] Int[(d*Cotl[e + f*x]) n*Cscl[e + f*x]~6,x]

[Out] -((d*Cot[e + f*x])~(1 + n)/(d*f*x(1 + n))) - (2x(d*Cot[e + f*x])~(3 + n))/(d
~3*%f*(3 + n)) - (dxCotl[e + f*x])~(5 + n)/(d"5*f*(5 + n))

Rule 276

Int[((c_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(m))"(p_.), x_Symbol] :> Int[Exp
andIntegrand[(c*x) “m*(a + b*x"n)"p, x], x] /; FreeQ[{a, b, ¢, m, n}, x] &&
1GtQ[p, 0]

Rule 2687

Int[sec[(e_.) + (£_.)*(x_ )] " (m_)*((b_.)*tan[(e_.) + (£_.)*(x_)1)"(n_.), x_S
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*(1 + x~2)"(w/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[0, n, m - 1])

Rubi steps

Subst (f(—dg;)n (1+ :1:2)2 dz,z,— cot(e + fa:))
/(d cot(e + fz))"csc®(e + fz)dz = ;

B Subst (f ((—d:r)" + 2(_,?2)2% + (_derM) dz,x,— cot(e + f:v))

f
(dcot(e+ fz))™™™  2(dcot(e+ fz))**™  (dcot(e+ fz))>t"

df (1 +n) dBf(3+n) d®f(5+n)
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Mathematica [A]
time = 0.26, size = 73, normalized size = 0.96

_ (8+6n+n*—2(3+n)cos(2(e + fz)) + cos(4(e + fx))) cot(e + fz)(dcot(e + fz))" csc*(e + fx)
fA+n)B+n)(5+mn)

Antiderivative was successfully verified.

[In] Integrate[(d*Cot[e + f*x]) n*Cscl[e + f*x]~6,x]
[Out] -(((8 + 6xn + n~2 - 2%(3 + n)*Cos[2*x(e + f*x)] + Cos[4*(e + f*x)])*Cot[e +
fxx]*x(d*Cot[e + f*x]) n*Cscle + f*x]~4)/(f*x(1 + n)*(3 + n)*(5 + n)))

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 3.
time = 1.86, size = 10874, normalized size = 143.08

method | result size

risch Expression too large to display | 10874

Verification of antiderivative is not currently implemented for this CAS.
[In] int((d*cot(f*x+e)) n*csc(f*x+e) 6,x,method=_RETURNVERBOSE)

[Out] result too large to display

Maxima [A]
time = 0.30, size = 84, normalized size = 1.11

n+1
(m) + 2d" tan(fz+e)™ " d" tan(fr+e)™"
d(n+1) (n+3) tan(fz+e)> (n+5) tan(fz+e)®

- f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e)”~6,x, algorithm="maxima")

[Out] -((d/tan(f*x + e))"(n + 1)/(dx(n + 1)) + 2xd"n*tan(f*x + e)~(-n)/((n + 3)*t
an(f*x + e)~3) + d nxtan(f*x + e)~(-n)/((n + 5)*tan(f*x + e)~5))/f

Fricas [A]
time = 2.98, size = 153, normalized size = 2.01

(8 cos(fz +e€)’ —4(n+5)cos(fz +e)’ + (n? + 8n + 15) cos (fz +€)) <dsf§?(ff;_t§))n

_((fn3+9fn2+23fn+15f)cos(f:c+e)4+fn3+9fn2—2(fn3+9fn2+23fn+15f)cos(f$+e)2+23fn+15f)sin(fx+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e)”~6,x, algorithm="fricas")

[Out] -(8*cos(f*xx + €)~5 - 4x(n + 5)*cos(f*x + e)~3 + (n~2 + 8*n + 15)*cos(f*x +
e))*x(d*cos(f*x + e)/sin(f*x + e)) "n/(((f*n~3 + 9xf*n~2 + 23%fxn + 15%f)*cos
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(f*x + e)”4 + f*n~3 + 9%f*xn"2 - 2x(f*n~3 + 9*xf*n"2 + 23*f*n + 15%f)*cos(f*x

+ e)"2 + 23%f*n + 15%f)*sin(f*x + e))

Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot (f*x+e))**n*csc(f*x+e)**6,x)

[Out] Timed out

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((d*cot(f*x+e)) n*csc(f*x+e) 6,x, algorithm="giac")
[Out] integrate((dxcot(f*x + e)) n*csc(f*x + e)~6, x)

Mupad [B]
time = 1.58, size = 123, normalized size = 1.62

(%) (5 cos (e + f x) — 2oBetdfa) 4 coslbetd]a) 4 5y cos (e + fa) —n cos(3e+3 fa)+n? cos(e+ fx))
cos 2T % sin T3

fsin(e+ fz)’ (n+1) (n+3) (n+5)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*cot(e + f*x)) n/sin(e + f*x)~6,x)

[Out] -(((d*cos(e + f*x))/(2*cos(e/2 + (f*x)/2)*sin(e/2 + (£f*x)/2))) n*(5*xcos(e +
f*x) - (5xcos(3*e + 3*f*x))/2 + cos(bxe + bxfxx)/2 + B*n*cos(e + f*x) - nx*
cos(3*e + 3*xf*xx) + n~2xcos(e + f*x)))/(f*sin(e + f*xx)~5x(n + 1)*(n + 3)*x(n

+ 5))
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3.44 [(dcot(e+ fz))"csc*(e + fz) dx

Optimal. Leaf size=51

_ (dcot(e+ fz))'*"  (dcot(e + fx))*™
df(1+n) #*f(3+mn)

[Out] -(d*cot(f*xx+e)) ~(1+n)/d/f/(1+n)-(d*cot (f*x+e))~(3+n)/d"3/f/(3+n)

Rubi [A]
time = 0.04, antiderivative size = 51, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.105,

steps used = 3, number of rules used = 2, integrand size = 19
Rules used = {2687, 14}

_ (dcot(e+ fx))"**  (dcot(e+ fz))"+!
d*f(n+3) df(n +1)

Antiderivative was successfully verified.

[In] Int[(d*Cot[e + f*x]) n*Cscle + f*xx]~4,x]

[Out] -((d*Cot[e + f*x])~(1 + n)/(d*f*x(1 + n))) - (d*Cotle + f*x])~(3 + n)/(d"3x*f
*(3 + n))

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrandl[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_ )
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 2687

Int[sec[(e_.) + (£_)*(x_)]1"(m_)*((b_.)*tan[(e_.) + (f_.)*(x_)]1)"(n_.), x_S
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*(1 + x"2)"(m/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[0, n, m - 1])

Rubi steps

/(dcot(e + fx))" csct(e + fz)dr = Subst( [ (—dz)" (1 + 2?) dz,z,— cot(e + fz))
f
)2+n

_ Subst <f ((—dac)" + %) dz,z,— cot(e + f:v))

f
(doot(e + fa))" _ (deot(e + fz))*

df(1+n) Bf(3+n)
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Mathematica [A]
time = 0.15, size = 45, normalized size = 0.88
_cot(e + fz)(dcot(e + fz))" (24 (1 +n) csc?(e + fx))
fA4+n)(3+n)

Antiderivative was successfully verified.

[In] Integrate[(d*Cot[e + f*x]) nxCscle + f*x]~4,x]

[Out] -((Cot[e + fxx]*(d*Cot[e + f*x])"n*(2 + (1 + n)*Cscle + £*x]~2))/(f*x(1 + n)
*(3 + 1n)))

Maple [C] Result contains higher order function than in optimal. Order 9 vs. order 3.

time = 1.04, size = 5413, normalized size = 106.14

method | result size

risch Expression too large to display | 5413

Verification of antiderivative is not currently implemented for this CAS.
[In] int((d*cot(f*x+e)) n*csc(f*x+e) 4,x,method=_RETURNVERBOSE)

[Out] result too large to display

Maxima [A]
time = 0.29, size = 56, normalized size = 1.10

d(n+1) (n+3) tan(fz+e)®

d n+1
=), 4 d'tan(fz+e) ™"
f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e) 4,x, algorithm="maxima")
[Out] -((d/tan(f*x + e))~(n + 1)/(d*(n + 1)) + d"n¥xtan(f*x + e)~(-n)/((n + 3)*tan
(f*x + e)73))/f

Fricas [A]
time = 5.45, size = 93, normalized size = 1.82

(2 cos (fz + e)’ — (n+ 3)cos (fz + e)) <%)

(fn2— (fn2+4fn+3f)cos(fr+e)’+4fn+3f)sin(fz+e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e) 4,x, algorithm="fricas")
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[Out] (2*%cos(f*x + €)”3 - (n + 3)*cos(f*x + e))*(d*cos(f*xx + e)/sin(fxx + e)) n/(
(f*n~2 - (f*n~2 + 4xf*n + 3xf)*xcos(f*x + e)”2 + 4*f*n + 3*xf)*sin(fxx + e))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (dcot (e + fx))" csc? (e + fz)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e))**n*csc(f*x+e)**4,x)
[Out] Integral((d*cot(e + f#*x))**n*csc(e + f*x)**4, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e)~4,x, algorithm="giac")
[Out] integrate((d*cot(f*x + e)) n*csc(f*x + e)~4, x)

Mupad [B]
time = 0.67, size = 84, normalized size = 1.65

(3 cos(;—i—fz) . cos(Se;-3fx) +n cos (e‘l‘f.’ﬂ)) ( dcos(e+.fx) +f2$))

2 cos(§+f2—x) sm(%

fsin(e+ fz)* (n+1) (n+3)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*cot(e + f*x)) n/sin(e + f*x)~4,x)

[Out] -(((3*cos(e + f*x))/2 - cos(3*%e + 3xf*x)/2 + n*xcos(e + f*x))*((d*cos(e + f*
x))/(2xcos(e/2 + (f*x)/2)*sin(e/2 + (£f*x)/2)))"n)/(f*sin(e + f*x)"3*(n + 1)

*(n + 3))
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3.45 [(dcot(e+ fz))"csc(e + fz) dx

Optimal. Leaf size=25
_ (dcot(e + fz))*"
df(1+n)

[Out] -(d*cot(f*x+e))~(1+n)/d/f/(1+n)

Rubi [A]
time = 0.03, antiderivative size = 25, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.105,

steps used = 2, number of rules used = 2, integrand size = 19
Rules used = {2687, 32}

_ (dcot(e + fz))™*!
df(n+1)

Antiderivative was successfully verified.

[In] Int[(d*Cot[e + f*x]) n*Cscle + f*x]~2,x]
[Out] -((d*Cot[e + f*x])~(1 + n)/(d*f*(1 + n)))
Rule 32

Int[((a_.) + (b_.)*(x_))"(m_), x_Symbol] :> Simp[(a + b*x)"(m + 1)/(b*(m +
1)), x] /; FreeQ[{a, b, m}, x] && NeQ[m, -1]

Rule 2687

Int[sec[(e_.) + (£_)*(x_)]1 " (m_)*((b_.)*tan[(e_.) + (f_.)*(x_)1)"(n_.), x_S
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*(1 + x"2)"(w/2 - 1), x], x, Tan[e + £
*x]]1, x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[0, n, m - 1])

Rubi steps

_ Subst( [ (—dz)" dz, z, — cot(e + fz))
f
(dcot(e + fz))t*™
df(1+mn)

/(dcot(e + fz))"csc*(e + fx) dx

Mathematica [A]
time = 0.02, size = 26, normalized size = 1.04
_cot(e + fz)(dcot(e + fz))"
f(1+n)
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Antiderivative was successfully verified.

[In] Integrate[(d*Cot[e + f*x]) n*Cscle + f*x]~2,x]
[Out] -((Cot[e + fxx]*(d*Cot[e + f*x])"n)/(fx(1 + n)))

Maple [A]
time = 0.54, size = 26, normalized size = 1.04

method result size
. . - (d cot(fz+e))ltm
derivativedivides | — ) 26
(d cot(fz+e))ltm
default — W 26
risch Expression too large to display | 1774

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*cot(f*x+e)) n*csc(f*x+e) 2,x,method=_RETURNVERBOSE)
[Out] -(d*cot(f*x+e))~(1+4n)/d/f/(1+n)

Maxima [A]
time = 0.29, size = 25, normalized size = 1.00
_ (deot (fz + )"
df(n+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxcot(f*x+e)) n*csc(f*x+e)”~2,x, algorithm="maxima")
[Out] -(d*cot(f*x + e))~(n + 1)/(d*fx(n + 1))
Fricas [A]

time = 3.43, size = 45, normalized size = 1.80

decos(fzte) \ ™
(—Sin(;’;:e))> cos (fx +e)

(fn+ f)sin (fz +e)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*xcsc(f*x+e) 2,x, algorithm="fricas")

[Out] -(d*cos(f*x + e)/sin(f*x + e)) "n*xcos(f*x + e)/((f*n + f)*sin(f*x + e))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (dcot (e + fz))" csc? (e + fz) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e))**n*csc(f*x+e)**2,x)
[Out] Integral((d*cot(e + f#*x))**n*csc(e + f*x)**2, x)

Giac [A]
time = 0.62, size = 47, normalized size = 1.88

n+1
( dtan(% fz+% e)z—d>

2 tan(% f:l)-l—% e)

df(n+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e) 2,x, algorithm="giac")

[Out] -(-1/2%(d*xtan(1/2xf*x + 1/2%e)"2 - d)/tan(1/2*f*xx + 1/2*xe)) " (n + 1)/(d*xf*(n
+ 1))

Mupad [B]
time = 0.34, size = 73, normalized size = 2.92

tan<%+f—2“”)2 1 _d(tan(%—}—%f—l) "
2n+2 2n+2 2tan(%+%>

f tan (g + %)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*cot(e + f*x)) n/sin(e + f*x)~2,x)

[Out] ((tan(e/2 + (£f*x)/2)72/(2%n + 2) - 1/(2*n + 2))*(-(d*(tan(e/2 + (f*x)/2)"2
- 1))/ (2*tan(e/2 + (£*x)/2)))"n)/(f*tan(e/2 + (£*x)/2))
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3.46 [(dcot(e + fz))"sin’(e + fz)dz
Optimal. Leaf size=51

(dcot(e + fxz)) T o F (2, 142 340 — cot?(e + fx))
df(1+n)

[Out] -(d*cot(f*x+e))” (1+n)*hypergeom([2, 1/2+1/2*n], [3/2+1/2%n],-cot(f*x+e)~2)/d
/£/(1+n)

Rubi [A]

time = 0.03, antiderivative size = 51, normalized size of antiderivative = 1.00, number of

number of rules _ 105
’ integrand size ’

steps used = 2, number of rules used = 2, integrand size = 19
Rules used = {2687, 371}
(dcot(e + fx))" ™o F (2, ”T"'l; "T"':”; — cot?(e + fx))
df(n+1)

Antiderivative was successfully verified.

[In] Int[(d*Cot[e + f*x]) n*Sin[e + f*x]~2,x]

[Out] -(((d*Cot[e + f*x])~(1 + n)*Hypergeometric2F1[2, (1 + n)/2, (3 + n)/2, -Cot
[e + £xx]~2])/(d*f*(1 + n)))

Rule 371

Int[((c_)*(x_))"(m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2F1[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 0] |l GtQla, 01)

Rule 2687

Int[sec[(e_.) + (f_)*(x )] " (m )*((b_.)*tan[(e_.) + (f_)*x)])"(n_.), x_S
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*(1 + x"2)"(w/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[0, n, m - 1])

Rubi steps

Subst (f ((1;‘1;3;2 dz,z,— cot(e + fx))
f

(deot(e + fz))'tm o F1 (2, 1525 32 — cot?(e + fx))
&L +n)

/(dcot(e + fz))"sin®(e + fz)dr =
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Mathematica [C] Result contains higher order function than in optimal. Order 6 vs. order
5 in optimal.
time = 3.42, size = 509, normalized size = 9.98

Warning: Unable to verify antiderivative.

[In] Integrate[(d*Cot[e + f*x]) n*Sin[e + f*x]~2,x]

[Out] (-4*(-3 + n)*(AppellF1[1/2 - n/2, -n, 2, 3/2 - n/2, Tan[(e + £*x)/2]172, -Ta
n[(e + f*x)/2]°2] - AppellF1[1/2 - n/2, -n, 3, 3/2 - n/2, Tan[(e + f*x)/2]"
2, -Tan[(e + f*x)/2]"2])*Cos[(e + f*x)/2]"3*(d*Cot[e + f*x]) n*Sin[(e + f*x
)/2]1*Sin[e + f*x]~2)/(f*x(-1 + n)*(2*(-3 + n)*AppellF1[1/2 - n/2, -n, 2, 3/2
- n/2, Tan[(e + f*x)/2]1°2, -Tan[(e + f*x)/2]"2]*Cos[(e + f*x)/2]"2 - 2%(-3
+ n)*AppellF1[1/2 - n/2, -n, 3, 3/2 - n/2, Tan[(e + f*x)/2]"2, -Tan[(e + £
*xx)/2]"2]*Cos[(e + £*x)/2]"2 - 2x(n*AppellF1[3/2 - n/2, 1 - n, 2, 5/2 - n/2
, Tan[(e + £xx)/2]1"2, -Tan[(e + f#*x)/2]°2] - nxAppellF1[3/2 - n/2, 1 - n, 3
, 5/2 - n/2, Tan[(e + f*x)/2]72, -Tan[(e + f*x)/2]°2] + 2*AppellF1[3/2 - n/
2, -n, 3, 5/2 - n/2, Tan[(e + £*x)/2]°2, -Tan[(e + £*x)/2]72] - 3*AppellF1[
3/2 - n/2, -n, 4, 5/2 - n/2, Tan[(e + fx*x)/2]"2, -Tan[(e + f*x)/2]°2])*(-1
+ Cos[e + f*x])))

Maple [F]

time = 0.77, size = 0, normalized size = 0.00

/ (dcot (fz +€))" (sin® (fz +€)) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*cot(f*x+e)) n*sin(f*x+e)”~2,x)
[Out] int((d*cot(f*x+e)) n*sin(f*x+e)~2,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e)~2,x, algorithm="maxima")
[Out] integrate((d*cot(f*x + e)) n*sin(f*x + e)~2, x)
Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e)~2,x, algorithm="fricas")

[Out] integral(-(cos(f*x + e)~2 - 1)*(d*cot(f*x + e))"n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/(dcot (e + fz))"sin® (e + fz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e))**n*sin(f*x+e)**2,x)

[Out] Integral((d*cot(e + f*x))**nxsin(e + f*x)**2, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e)”~2,x, algorithm="giac")

[Out] integrate((d*cot(f*x + e)) n*sin(f*x + e)~2, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/sin (e+ fz)? (dcot(e + f z))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(e + f*xx) 2x(d*cot(e + f*x)) n,x)

[Out] int(sin(e + f*x)~2*%(d*cot(e + f*x))“"n, x)
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3.47 [(dcot(e + fz))"sin*(e + fz)dx
Optimal. Leaf size=51

(dcot(e + fxz)) T o Fy (3, 142 340 — cot?(e + f))
df(1+n)

[Out] -(d*cot(f*x+e))” (1+n)*hypergeom([3, 1/2+1/2*n], [3/2+1/2*n],-cot(f*x+e)~2)/d
/£/(1+n)

Rubi [A]

time = 0.04, antiderivative size = 51, normalized size of antiderivative = 1.00, number of

number of rules _ (105
’ integrand size ’

steps used = 2, number of rules used = 2, integrand size = 19
Rules used = {2687, 371}
(dcot(e + fx))" ™o F (3, ”T"'l; "T"'?’; — cot?(e + fx))
df(n+1)

Antiderivative was successfully verified.

[In] Int[(d*Cot[e + f*x]) n*Sin[e + f*xx]~4,x]

[Out] -(((d*Cot[e + f*x])~(1 + n)*Hypergeometric2F1[3, (1 + n)/2, (3 + n)/2, -Cot
[e + £xx]~2])/(d*f*(1 + n)))

Rule 371

Int[((c_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[a”p
*((c*x)"(m + 1)/(cx(m + 1)))*Hypergeometric2Fi[-p, (m + 1)/n, (m + 1)/n + 1
, (-b)*(x"n/a)], x] /; FreeQ[{a, b, ¢, m, n, p}, x] & !'IGtQ[p, 0] && (ILt
Qlp, 0] |l GtQla, 01)

Rule 2687

Int[sec[(e_.) + (f_)*(x )] " (m )*((b_.)*tan[(e_.) + (f_)*x)1)"(n_.), x_S
ymbol] :> Dist[1/f, Subst[Int[(b*x) n*(1 + x"2)"(w/2 - 1), x], x, Tan[e + £
*x]], x] /; FreeQ[{b, e, f, n}, x] && IntegerQ[m/2] && !(IntegerQ[(n - 1)/
2] && LtQ[0, n, m - 1])

Rubi steps

Subst (f ((;1;3; dz,z,— cot(e + fx))
f

(deot(e + fz))tm o F1 (3, 152 3% — cot®(e + fx))
&L +n)

/(dcot(e + fx))"sin(e + fz)dr =
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Mathematica [C] Result contains higher order function than in optimal. Order 6 vs. order
5 in optimal.
time = 8.49, size = 1099, normalized size = 21.55

Warning: Unable to verify antiderivative.

[In] Integrate[(d*Cot[e + f*x]) n*Sin[e + f*x]~4,x]

[Out] (2%x(-3 + n)*(AppellF1[1/2 - n/2, -n, 3, 3/2 - n/2, Tan[(e + f*x)/2]"2, -Tan
[(e + £*x)/2]"2] - 2%AppellF1[1/2 - n/2, -n, 4, 3/2 - n/2, Tan[(e + f*x)/2]
=2, -Tan[(e + f*x)/2]°2] + AppellF1[1/2 - n/2, -n, 5, 3/2 - n/2, Tan[(e + £
*x) /2172, -Tan[(e + f*xx)/2]"2])*Cos[(e + f*x)/2] " 3*(d*xCot[e + f*x]) n*Sin[(
e + fxx)/2]*Sin[e + f*x]~4)/(f*x(-1 + n)*(-3*AppellF1[3/2 - n/2, -n, 4, 5/2
- n/2, Tan[(e + f*xx)/2]72, -Tan[(e + f*x)/2]~2] + 8*AppellF1[3/2 - n/2, -n,
5, 5/2 - n/2, Tan[(e + f*x)/2]°2, -Tan[(e + f*x)/2]"2] - 5*AppellF1[3/2 -
n/2, -n, 6, 5/2 - n/2, Tan[(e + f*x)/2]"2, -Tan[(e + f*x)/2]"2] + 3*AppellF
1[1/2 - n/2, -n, 3, 3/2 - n/2, Tan[(e + f*xx)/2]"2, -Tan[(e + f*x)/2]"2]*Cos
[(e + £*x)/2]72 - n*AppellF1[1/2 - n/2, -n, 3, 3/2 - n/2, Tan[(e + f*x)/2]"
2, -Tan[(e + f*x)/2]"2]*Cos[(e + f*x)/2]°2 - 6%AppellF1[1/2 - n/2, -n, 4, 3
/2 - n/2, Tan[(e + f*x)/2]"2, -Tan[(e + f*x)/2]"2]*Cos[(e + f*x)/2]"2 + 2%*n
*xAppellF1[1/2 - n/2, -n, 4, 3/2 - n/2, Tan[(e + f*x)/2]"2, -Tan[(e + f*x)/2
172]*Cos[(e + f*x)/2]°2 + 3xAppellF1[1/2 - n/2, -n, 5, 3/2 - n/2, Tan[(e +
fxx)/2]172, -Tan[(e + fx*x)/2]"2]*Cos[(e + f*x)/2]"2 - n*AppellF1[1/2 - n/2,
-n, 5, 3/2 - n/2, Tan[(e + f*x)/2]"2, -Tan[(e + f*x)/2]"2]*Cos[(e + f*x)/2]
~2 + nxAppellF1[3/2 - n/2, 1 - n, 3, 5/2 - n/2, Tan[(e + f*x)/2]"2, -Tan[(e
+ f*x)/2]°2]*(-1 + Cos[e + f*x]) + n*AppellF1[3/2 - n/2, 1 - n, 5, 5/2 - n
/2, Tan[(e + f*x)/2]72, -Tan[(e + f*x)/2]1"2]*(-1 + Cos[e + f*xx]) + 3*Appell
F1[3/2 - n/2, -n, 4, 5/2 - n/2, Tan[(e + fxx)/2]1"2, -Tan[(e + fx*xx)/2]~2]*Co
sle + fxx] - 8xAppellF1[3/2 - n/2, -n, 5, 5/2 - n/2, Tan[(e + fx*x)/2]"2, -T
an[(e + f*x)/2]"2]*Cos[e + f*x] + 5*AppellF1[3/2 - n/2, -n, 6, 5/2 - n/2, T
an[(e + f*x)/2]°2, -Tan[(e + f*x)/2]"2]*Cos[e + f*x] + 4*n*AppellF1[3/2 - n
/2, 1 - n, 4, 5/2 - n/2, Tan[(e + f*xx)/2]"2, -Tan[(e + f*x)/2]"2]*Sin[(e +
£xx)/2]1°2))

Maple [F]
time = 1.14, size = 0, normalized size = 0.00

/ (doot (fz + ¢))" (sin* (fz + ¢)) do

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*cot(f*x+e)) n*sin(f*x+e) 4,x)

[Out] int((d*cot(f*x+e)) n*sin(f*x+e)"4,x)
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Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e)”~4,x, algorithm="maxima")
[Out] integrate((d*cot(f*x + e)) n*sin(f*x + e)~4, x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((d*cot(f*x+e)) n*sin(f*x+e)”~4,x, algorithm="fricas")

[Out] integral((cos(f*x + e)~4 - 2*cos(f*x + e)~2 + 1)*(d*cot(f*x + e))"n, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (dcot (e + fz))" sin* (e + fz)dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e))**n*sin(f*x+e)**4,x)
[Out] Integral((dxcot(e + f*x))*xn*sin(e + f*xx)**4, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e) 4,x, algorithm="giac")
[Out] integrate((d*cot(f*x + e)) n*sin(f*x + e)~4, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

/sin (e+ fz)* (dcot(e + f z))" dx
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(e + f*x) “4x(d*cot(e + f*x)) n,x)

[Out] int(sin(e + f*x)~4*(d*cot(e + f*x))"n, x)
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3.48 [(dcot(e+ fz))"csc(e + fz) dx

Optimal. Leaf size=79

44n

(dcot(e + fz))*mescd(e + fx) o Fy (M2, 12 242 cos?(e + fz)) sin®(e + fz) 2
df(1+mn)

[Out] -(d*cot(f*x+e))” (1+n)*csc(f*x+e) “3xhypergeom([2+1/2%n, 1/2+1/2%n], [3/2+1/2%
n] ,cos(f*x+e) "2) *(sin(f*x+e)~2) " (2+1/2*n)/d/f/(1+n)

Rubi [A]
time = 0.03, antiderivative size = 79, normalized size of antiderivative = 1.00, number of

number of rules _ ( 53
integrand size ’

steps used = 1, number of rules used = 1, integrand size = 19,
Rules used = {2697}

csc3(e + fz)sin®(e + fz)"s (deot(e + fz))"+H o Fy (ndd, ntd. 243, cog?(e + f))
- df(n + 1)

Antiderivative was successfully verified.
[In] Int[(d*Cot[e + f*x]) n*Cscle + f*x]~3,x]
[Out] -(((d*Cot[e + f*x])~(1 + n)*Csc[e + f*x] 3xHypergeometric2F1[(1 + n)/2, (4

+ n)/2, (3 + n)/2, Cosl[e + f*xx]~2]*(Sin[e + £*x]~2)"((4 + n)/2))/(dxfx(1 +
n)))

Rule 2697

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)])"(

n_), x_Symbol] :> Simp[(a*Sec[e + f#*x]) m*(b*Tan[e + f*x])~(n + 1)*((Cos[e

+ £xx]72)"((m + n + 1)/2)/(bxf*x(n + 1)))*Hypergeometric2F1[(n + 1)/2, (m +

n+ 1)/2, (n + 3)/2, Sin[e + f*x]~2], x] /; FreeQ[{a, b, e, f, m, n}, x] &&
IIntegerQ[(n - 1)/2] && !IntegerQ[m/2]

Rubi steps

1+n 3 1+n 44n. 34n. 2 in2
/(dcot(e+fw))"csc3(e+fx) dz = _(dootfe + fz)) " ese(e + fz) 2F1£if?17+2n’ 5"; cos’(e + fz)) sin

~—

Mathematica [C] Result contains higher order function than in optimal. Order 6 vs. order
5 in optimal.
time = 14.17, size = 784, normalized size = 9.92
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Warning: Unable to verify antiderivative.

[In] Integrate[(d*Cot[e + f*x]) n*Cscl[e + f*x]~3,x]

[Out] -((Cot[(e + f*x)/2]"2%(d*Cot[e + f*x]) n*Hypergeometric2F1[-1 - n/2, -n, -1
/2xn, Tan[(e + £*x)/2]172])/(f*(8 + 4*n)*(Cos[e + f*x]*Sec[(e + f*x)/2]1°2)"n
)) + (8%x(-4 + n)*Cos[(e + f*x)/2]"6%(d*Cot[e + fx*x]) n*Cscle + f*xx] 2% (n*Ap
pellFi[1 - n/2, -n, 1, 2 - n/2, Tan[(e + f*x)/2]72, -Tan[(e + £*x)/2]72] -
(-2 + n)*Cot[(e + fxx)/2] "2xHypergeometric2F1[-n, -1/2*n, 1 - n/2, Tan[(e +
fxx)/2]1°2])*Sin[(e + £*x)/2]74)/(f*(-2 + n)*n*(-8*n*AppellF1[2 - n/2, 1 -
n, 1, 3 - n/2, Tan[(e + f*x)/2]72, -Tan[(e + f*x)/2]"2]*Sin[(e + f*x)/2]"4
- 8xAppellF1[2 - n/2, -n, 2, 3 - n/2, Tan[(e + f*x)/2]72, -Tan[(e + f*x)/2]
~2]1*Sin[(e + f*x)/2]74 + (-4 + n)*(4xCos[(e + f*x)/2]"4*(Cos[e + f*x]*Sec[(
e + £xx)/2]°2)"n - AppellF1[1 - n/2, -n, 1, 2 - n/2, Tan[(e + f*x)/2]"2, -T
an[(e + f*x)/2]"2]*Sin[e + f*x]~2))) + ((d*Cot[e + f*x]) n*Hypergeometric2F
1[1 - n/2, -n, 2 - n/2, Tan[(e + f*x)/2]"2]*Tan[(e + £*x)/2]°2)/(f*(8 - 4#*n
)*(Cos[e + fxx]*Sec[(e + f*x)/2]172)"n) + ((-4 + n)*AppellF1[1 - n/2, -n, 1,
2 - n/2, Tan[(e + f*xx)/2]"2, -Tan[(e + f*x)/2]"2]*(d*Cot[e + f*x]) n*Sin[(
e + £xx)/2]°2)/(f*(4 - 2#n)*((-4 + n)*AppellF1[1 - n/2, -n, 1, 2 - n/2, Tan
[(e + £*x)/2]72, -Tan[(e + f*x)/2]"2] + 2*(n*AppellF1[2 - n/2, 1 - n, 1, 3
- n/2, Tan[(e + f*x)/2]"2, -Tan[(e + f*x)/2]°2] + AppellF1[2 - n/2, -n, 2,
3 - n/2, Tan[(e + f*x)/2]"2, -Tan[(e + f*x)/2]"2])*Tan[(e + fx*xx)/2]°2))

Maple [F]
time = 0.30, size = 0, normalized size = 0.00

/(dcot (fx+€)" (esc® (fx+e)) da

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*cot(f*x+e)) n*csc(f*x+e)”3,x)
[Out] int((d*cot(f*x+e)) n*xcsc(f*x+e)~3,x)
Maxima [F]

time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e)”~3,x, algorithm="maxima")
[Out] integrate((dxcot(f*x + e)) n*csc(f*x + e)~3, x)
Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e) 3,x, algorithm="fricas")

[Out] integral((d*cot(f*x + e)) nxcsc(f*x + e)~3, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (dcot (e + fx))" csc® (e + fz)dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((d*cot(f*x+e))**n*csc(f*x+e)**3,x)
[Out] Integral((d*cot(e + f#*x))**n*csc(e + f*x)**3, x)

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e)~3,x, algorithm="giac")

[Out] integrate((d*cot(f*x + e)) n*csc(f*x + e)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
/ (d.cot(e + fa:)3) s
sin (e + f z)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*cot(e + f*x)) n/sin(e + f*x)~3,x)
[Out] int((d*cot(e + f*x)) n/sin(e + f*x)~3, x)
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3.49 [(dcot(e + fx))™csc(e + fz)dzx

Optimal. Leaf size=77

24n

(dcot(e + fz)) "™ csce + fz) o Fy (2, 252 342 cos®(e + fx)) sin®(e + fz) 2
df(1+mn)

[Out] -(d*cot(f*x+e))” (1+n)*csc(f*x+e)*hypergeom([1+1/2*n, 1/2+1/2%n], [3/2+1/2%n]
,cos (fxx+e) ~2) *(sin(f*x+e) ~2) ~(1+1/2%n) /d/f/(1+n)

Rubi [A]
time = 0.02, antiderivative size = 77, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.059,

steps used = 1, number of rules used = 1, integrand size = 17
Rules used = {2697}

_csc(e + fz)sin’(e + Fz)"3" (deot(e + fz))"+ o Fy (ndd, ni2. 143, cog?(e + f))
df(n+1)

Antiderivative was successfully verified.
[In] Int[(d*Cot[e + f*x]) n*Cscle + f*x],x]
[Out] -(((d*Cot[e + f*x])~(1 + n)*Csc[e + f*x]*Hypergeometric2F1[(1 + n)/2, (2 +

n)/2, (3 + n)/2, Cosle + f*x]~2]*(Sin[e + £*x]~2)~((2 + n)/2))/(d*f*x(1 + n)
))

Rule 2697

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)])"(

n_), x_Symbol] :> Simp[(a*Sec[e + f#*x]) m*(b*Tan[e + f*x])~(n + 1)*((Cos[e

+ £xx]72)"((m + n + 1)/2)/(bxfx(n + 1)))*Hypergeometric2F1[(n + 1)/2, (m +

n+ 1)/2, (n + 3)/2, Sin[e + f*x]~2], x] /; FreeQ[{a, b, e, f, m, n}, x] &&
IIntegerQ[(n - 1)/2] && !'IntegerQ[m/2]

Rubi steps

/(dcot(e+ fz))"csc(e + fr)dr = — : 2 )’ 2

Mathematica [A]
time = 0.17, size = 69, normalized size = 0.90

(dcot(e + fz))" 2 F1(—n, —2;1 — Z;tan? (3(e + f2))) (cos(e + fz)sec? (3(e + fz))) "
fn
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Antiderivative was successfully verified.

[In] Integrate[(d*Cot[e + f*x]) n*Cscle + f*x],x]
[Out] -(((d*Cot[e + f*x]) n*Hypergeometric2F1[-n, -1/2#n, 1 - n/2, Tan[(e + f*x)/
2]1°21)/(f*n*x(Cos[e + f*xx]*Sec[(e + f*x)/2]1°2)"n))

Maple [F]
time = 0.25, size = 0, normalized size = 0.00

/(dcot (fz+e)) " csc(fr+e) dx

Verification of antiderivative is not currently implemented for this CAS.
[In] int((d*cot(f*x+e)) n*csc(f*x+e),x)
[Out] int((d*cot(f*x+e)) n*csc(f*x+e),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((d*cot(f*x+e)) n*csc(f*x+e),x, algorithm="maxima")
[Out] integrate((d*cot(f*x + e)) n*csc(f*x + e), x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e),x, algorithm="fricas")

[Out] integral((d*cot(f*x + e)) nxcsc(f*x + e), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (dcot (e + fx))" csc (e + fz)dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e))**n*csc(f*x+e),x)

[Out] Integral((d*cot(e + f#*x))**n*csc(e + f*x), x)



229

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*csc(f*x+e),x, algorithm="giac")

[Out] integrate((d*cot(f*x + e)) n*csc(f*x + e), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
/ (dc.ot(e—i- fx)) i
sin (e + f x)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*cot(e + f*x)) n/sin(e + f*x),x)

[Out] int((d*cot(e + f#*x)) n/sin(e + f*x), x)
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3.50 [(dcot(e + fx))"sin(e + fz)dz
Optimal. Leaf size=73

_ (deot(e + fz))'"™" o Fa (5, 5"; %57 cos’(e + fz)) sin(e + fz) sin 2(e + fz)™/?
df(1+mn)

[Out] -(d*cot(f*x+e))” (1+n)*hypergeom([1/2*n, 1/2+1/2*n], [3/2+1/2%n],cos(f*x+e) 2
)*sin(f*x+e)*(sin(f*x+e)~2)~(1/2%n)/d/f/(1+n)

Rubi [A]
time = 0.03, antiderivative size = 73, normalized size of antiderivative = 1.00, number of
steps used = 1, number of rules used = 1, integrand size = 17, number of rules = 0.059,

integrand size
Rules used = {2697}

sin(e + fz)sin®(e + fz)"?(dcot(e + fz)) "+ o Fy (2, 2 253 cos? (e + fx))
h df(n+1)

Antiderivative was successfully verified.
[In] Int[(d*Cot[e + f*x]) n*Sin[e + f*x],x]

[Out] -(((d*Cot[e + f*x])~(1 + n)*Hypergeometric2F1[n/2, (1 + n)/2, (3 + n)/2, Co
s[e + f*x]~2]*Sin[e + f*x]*(Sin[e + f*x]~2)"(n/2))/(d*xfx(1 + n)))

Rule 2697

Int[((a_.)*secl(e_.) + (£_)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)])"(

n_), x_Symbol] :> Simp[(a*Sec[e + f*x]) m*(b*Tan[e + f*x])~(n + 1)*((Cos[e

+ £xx]72)"((m + n + 1)/2)/(bxfx(n + 1)))*Hypergeometric2F1[(n + 1)/2, (m +

n+ 1)/2, (n + 3)/2, Sin[e + f*x]~2], x] /; FreeQ[{a, b, e, f, m, n}, x] &&
IIntegerQ[(n - 1)/2] && !IntegerQ[m/2]

Rubi steps

/(d cot(e + fz))"sin(e + fz)dz = — (deot(e+ fx))*" o Fi (5, 15, 35;}0((134_(2;‘ fz)) sin(e + fz)sin®(e +

Mathematica [C] Result contains higher order function than in optimal. Order 6 vs. order
5 in optimal.
time = 1.19, size = 264, normalized size = 3.62

E( 4+n)F (1= 4 —n,2%2 - Fitan® (3(e + f2)) , — tan’ (5 ( +f ost (3(e ( ot(e + fz))" s (( +f ))
F(=2+n) (2(-4+n)F (1 -3 -n,22 - §itan? (S(e + fx)) , —tan? (J(e + fx))) cos? (J(e + f2)) — 2 (nFy (2— 3;1-n, 23— ( ( +f )) n? (3(e+ fx))) +2F (2- n,3;3 — 3itan? (3(e + fx)) , —tan? (S(e + fx)))) (=1 + cos(e + f)))

Warning: Unable to verify antiderivative.
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[In] Integrate[(d*Cot[e + f*x]) n*Sin[e + f*x],x]

[Out] (-8%(-4 + n)*AppellF1[1 - n/2, -n, 2, 2 - n/2, Tan[(e + £*x)/2]72, -Tan[(e
+ fxx)/2]"2]*Cos[(e + fxx)/2]"4*(d*Cot[e + f*x]) n*Sin[(e + f*x)/2]72)/(£*(

-2 + n)*(2*(-4 + n)*AppellF1[1 - n/2, -n, 2, 2 - n/2, Tan[(e + f*x)/2]72, -
Tan[(e + f*x)/2]1"2]*Cos[(e + f*x)/2]"2 - 2% (n*AppellF1[2 - n/2, 1 - n, 2, 3

- n/2, Tan[(e + f*x)/2]°2, -Tan[(e + f*x)/2]"2] + 2%AppellF1[2 - n/2, -n,

3, 3 - n/2, Tan[(e + f*x)/2]°2, -Tan[(e + f*x)/2]72])*(-1 + Cosl[e + f*x])))

Maple [F]
time = 0.24, size = 0, normalized size = 0.00

/(dcot (fx+e)"sin(fr+e) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*cot(f*x+e)) n*sin(f*x+e),x)
[Out] int((d*cot(f*x+e)) n*sin(f*x+e),x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e),x, algorithm="maxima")
[Out] integrate((d*cot(f*x + e)) n*sin(f*x + e), x)

Fricas [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e),x, algorithm="fricas")

[Out] integral((d*cot(f*x + e)) nxsin(f*x + e), x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (dcot (e + fz))"sin (e + fz)dx

Verification of antiderivative is not currently implemented for this CAS.



[In] integrate((d*cot(f*x+e))**n*sin(f*x+e),x)

[Out] Integral((d*cot(e + f#*x))**n*sin(e + f*x), x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e),x, algorithm="giac")

[Out] integrate((d*cot(f*x + e)) n*sin(f*x + e), x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/Sin (e+ fz) (deot(e+ fx))" dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(e + f*x)*(d*cot(e + f*x)) n,x)

[Out] int(sin(e + f*x)*(d*cot(e + f*x))“n, x)
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3.51 [(dcot(e + fz))"sin’(e + fz)dx

Optimal. Leaf size=79

_ (dcot(e+ fz))*" o Fy (L(—=2+ n), 12, 347 cos?(e + fx)) sin®(e + fz)sin?(e + fz)2(-2+")
df(1+n)

[Out] -(d*cot(f*x+e))” (1+n)*hypergeom([-1+1/2*n, 1/2+1/2%n], [3/2+1/2*n],cos(f*x+e
) ~2)*sin(f*x+e) “3*(sin(f*x+e)~2) ~(-1+1/2%n)/d/f/(1+n)

Rubi [A]
time = 0.03, antiderivative size = 79, normalized size of antiderivative = 1.00, number of

number of rules
integrand size = 0.053,

steps used = 1, number of rules used = 1, integrand size = 19,
Rules used = {2697}

_sin’(e + fz) sin?(e + fz)"z (dcot(e + fz))"* oFy (252, M4 ME3: cos?(e + fz))
df(n+1)

Antiderivative was successfully verified.
[In] Int[(d*Cot[e + f*x]) n*Sin[e + f*x]~3,x]

[Out] -(((d*Cot[e + f*x])~(1 + n)*Hypergeometric2F1[(-2 + n)/2, (1 + n)/2, (3 +n
)/2, Cos[e + f*x]~2]*Sin[e + f*x] 3*(Sin[e + f*x]~2)~((-2 + n)/2))/(d*f*x(1
+1n)))

Rule 2697

Int[((a_.)*sec[(e_.) + (£_.)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)])"(

n_), x_Symbol] :> Simp[(a*Sec[e + f*x]) m*(b*Tan[e + f*x])~(n + 1)*((Cosl[e

+ £xx]72)"((m + n + 1)/2)/(bxf*x(n + 1)))*Hypergeometric2F1[(n + 1)/2, (m +

n+ 1)/2, (n + 3)/2, Sin[e + f*x]~2], x] /; FreeQ[{a, b, e, f, m, n}, x] &&
IIntegerQL(n - 1)/2] && !IntegerQ[m/2]

Rubi steps

(dcot(e + fz))* o Fy (2 (=2 + n), 142, 348 cos?(e + fr)) sind(e +

/(dcot(e+f$))"Sin3(€+fx) dr = — df(1+n)

Mathematica [C] Result contains higher order function than in optimal. Order 6 vs. order
5 in optimal.
time = 2.60, size = 477, normalized size = 6.04
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Warning: Unable to verify antiderivative.

[In] Integrate[(d*Cot[e + f*x]) n*Sin[e + f*x]~3,x]

[Out] (-4*(-4 + n)*(AppellF1[1 - n/2, -n, 3, 2 - n/2, Tan[(e + f*x)/2]"2, -Tan[(e
+ fxx)/2]1°2] - AppellFi[1 - n/2, -n, 4, 2 - n/2, Tan[(e + f*x)/2]"2, -Tan[
(e + f*x)/2]72])*Cos[(e + f*x)/2]"3*(d*Cot[e + f#*x]) n*Sin[(e + f*x)/2]*Sin
[e + £*x]73)/(£*x(-2 + n)*(2*(-4 + n)*AppellF1[1 - n/2, -n, 3, 2 - n/2, Tan[
(e + £f*x)/2]72, -Tan[(e + f*x)/2]1"2]*Cos[(e + £*x)/2]"2 - 2x(-4 + n)=*Appell
Fi[1 - n/2, -n, 4, 2 - n/2, Tan[(e + f*x)/2]"2, -Tan[(e + f*x)/2]"2]*Cos[(e
+ f£xx)/2]°2 - 2*(nxAppellF1[2 - n/2, 1 - n, 3, 3 - n/2, Tan[(e + f*x)/2]"2
, ~Tan[(e + f*x)/2]72] - n*AppellF1[2 - n/2, 1 - n, 4, 3 - n/2, Tan[(e + £f*
x)/2]172, -Tan[(e + f*x)/2]°2] + 3*AppellF1[2 - n/2, -n, 4, 3 - n/2, Tan[(e
+ fxx)/2]°2, -Tan[(e + f*x)/2]72] - 4*AppellF1[2 - n/2, -n, 5, 3 - n/2, Tan
[(e + fxx)/2]"2, -Tan[(e + f*x)/2]1°2])*(-1 + Cos[e + f*x])))

Maple [F]
time = 0.82, size = 0, normalized size = 0.00

/ (dcot (fz +€))" (sin® (fz +€)) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*cot(f*x+e)) n*sin(f*x+e)~3,x)
[Out] int((d*cot(f*x+e)) n*sin(f*x+e)”3,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e)~3,x, algorithm="maxima")
[Out] integrate((d*cot(f*x + e)) n*sin(f*x + e)~3, x)

Fricas [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e) 3,x, algorithm="fricas")

[Out] integral(-(cos(f*x + e)~2 - 1)*(d*cot(f*x + e)) nxsin(f*x + e), x)
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Sympy [F(-1)] Timed out
time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e))**n*sin(f*x+e)**3,x)

[Out] Timed out

Giac [F]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*cot(f*x+e)) n*sin(f*x+e)~3,x, algorithm="giac")

[Out] integrate((d*cot(f*x + e)) n*sin(f*x + e)~3, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/sin (e+ fz)? (dcot(e + f z))" dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sin(e + f*x) ~3x(d*cot(e + f*x)) n,x)

[Out] int(sin(e + f*x)~3*(d*cot(e + f*x))"n, x)
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3.52 [(beot(e + fx))"(acsc(e + fx))™dx

Optimal. Leaf size=83

(beot(c + F) ™ (acscle-+ F2)" o (5 51+ m + ) Escore + ) sin(e 4 )b
bf(1+n)

[Out] -(b*cot(f*x+e))” (1+n)*(a*xcsc(f*x+e)) “m*hypergeom([1/2+1/2*n, 1/2+1/2*m+1/2%
n], [3/2+1/2#*n],cos(f*x+e) "2) *(sin(f*x+e)~2) "~ (1/2+1/2*m+1/2*n) /b/f/(1+n)

Rubi [A]
time = 0.03, antiderivative size = 83, normalized size of antiderivative = 1.00, number of

number of rules _ 48
integrand size ’

steps used = 1, number of rules used = 1, integrand size = 21,
Rules used = {2697}

(acsc(e + fz))™(beot(e + fx))™+ sin(e + fa)z D, Fy (24 L (m 4 n 4 1); 225 cos?(e + f1))
bf(n+1)

Antiderivative was successfully verified.
[In] Int[(b*Cotl[e + f*x]) n*(a*Cscl[e + f*x]) m,x]
[Out] -(((bxCot[e + f*x])~(1 + n)*(a*Csc[e + f*x]) m*xHypergeometric2F1[(1 + n)/2,

(1 +m+n)/2, (3+ n)/2, Cosle + f*xx]~2]*(Sin[e + f*x]"2)"((1 + m + n)/2)
)/ (bxf*x(1 + n)))

Rule 2697

Int[((a_.)*secl(e_.) + (£_)*(x_)1)"(m_.)*((b_.)*tan[(e_.) + (£_.)*(x_)])"(

n_), x_Symbol] :> Simp[(a*Sec[e + f*x]) m*(b*Tan[e + f*x])~(n + 1)*((Cos[e

+ £xx]72)"((m + n + 1)/2)/(bxf*x(n + 1)))*Hypergeometric2F1[(n + 1)/2, (m +

n+ 1)/2, (n + 3)/2, Sin[e + f*x]~2], x] /; FreeQ[{a, b, e, f, m, n}, x] &&
IIntegerQ[(n - 1)/2] && !IntegerQ[m/2]

Rubi steps

/(b cot(e + fz))"(acsc(e + fz))™ dr = — (beot(e + fx))' " (acsc(e + fz))™ 2 F1 (5, léyj(‘l(l—i_::; n); 5% c

Mathematica [C] Result contains higher order function than in optimal. Order 6 vs. order
5 in optimal.
time = 2.06, size = 306, normalized size = 3.69

a(=3+m+ )R (31 —m—n)-n1-mi@3-m ).~ tan? (e + f2))) (beot(e + fx))"(acse(e + fz))
JT+m+n) (=3 +m+n)F (31— m—n);—n,1—m; 33— m — n);tan? (3(e + fz)),— tan? (3(e + [2))) + 2 (nFy (3(3 —m—n); 1 — n,1— m; 3(5 — m — n); tan? (3(e + fz)) , — tan? (3(e + ) — (~1+ m)F; (53— m —n); —n,2 — m; 3(5 — m — n); tan? (3(e + f2)) , — tan® (3(e + f2)))) tan? ((e + fz)))
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Warning: Unable to verify antiderivative.

[In] Integrate[(b*Cot[e + f*x]) n*(a*Cscle + f*x]) m,x]

[Out] -((a*(-3 + m + n)*AppellF1[(1 - m - n)/2, -n, 1 - m, (3 - m - n)/2, Tan[(e
+ f*x)/2]1°2, -Tan[(e + f*x)/2] 2] *(b*Cot[e + f*x]) n*(axCscl[e + f*x])~(-1 +
m))/(fx(-1 + m + n)*((-3 + m + n)*AppellF1[(1 - m - n)/2, -n, 1 - m, (3 -

m - n)/2, Tan[(e + f*x)/2]72, -Tan[(e + £*x)/2]"2] + 2*(n*AppellF1[(3 - m -
n)/2, 1 -n, 1 -m (6 -m-n)/2, Tan[(e + f*x)/2]"2, -Tan[(e + fx*xx)/2]"2

] - (-1 + m)*AppellF1[(3 - m - n)/2, -n, 2 - m, (6 - m - n)/2, Tan[(e + f*x
)/2]172, -Tan[(e + f*x)/2]72])*Tan[(e + f*x)/2]172)))

Maple [F]
time = 0.40, size = 0, normalized size = 0.00

/ (beot (fz +e))" (acse(fzr+ €)™ dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*cot(f*x+e)) n*(axcsc(f*x+e)) m,x)
[Out] int((b*cot(f*x+e)) n*(a*csc(f*x+e)) "m,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*cot(f*x+e)) n*(a*csc(f*x+e)) m,x, algorithm="maxima")
[Out] integrate((bxcot(f*x + e)) n*(a*csc(f*x + e))"m, x)
Fricas [F]

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*cot(f*x+e)) n*(a*csc(f*x+e)) m,x, algorithm="fricas")
[Out] integral((b*cot(f*x + e)) nx(axcsc(f*x + e))”"m, x)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (acsc(e+ fz))™ (beot (e + fx))" dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*cot(f*x+e))**n*(axcsc(f*x+e))**m,x)

[Out] Integral((a*csc(e + f*x))**m*(b*cot(e + f*x))**n, x)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((b*cot(f*x+e)) n*(a*csc(f*x+e)) m,x, algorithm="giac")

[Out] integrate((bxcot(f*x + e)) n*(a*csc(f*x + e))"m, x)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/(bcot(e + fz))" (mymdx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((b*cot(e + f*x)) n*x(a/sin(e + f*x)) m,x)

[Out] int((b*cot(e + f*x)) n*x(a/sin(e + f*x))"m, x)
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip

241

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
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ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then
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if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
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arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):
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except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
I," nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest
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